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PREFACE. 

In the earlier part of this book — the part in which 
the method of co-ordinates is described and applied to 
the straight line and the conic sections — I have adopted 
the plan of Mr Todhunter's Co-ordinate Geometry, 
examining the parabola, ellipse, and hyperbola before 
discussing the general equation of the second degree. 

In the thirteenth chapter some account is given 
of projection and reciprocal polars. In applying per- 
spective projection I have not ventured beyond real 
conceivable geometry. 

The last chapter introduces equations of higher 
degrees than the second. 

The reader of Mr Salmon^s works will anticipate 
my great obligations to the Conic Sections and Higher 
Plane Curves. I would also make grateful mention of 
Mr Ferrers' Trilinear Co ordinates, though I have not 
studied to keep strictly apart the methods of trilinear 
co-ordinates and abridged notation. 

W. P. TURNBULL. 

Trinity College^ 
May, 1867. 
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ERRATA. 


2, line 15. 


For X' read ZJT. 


— » 16. 


For OX read or . 


21, „ I. 


For Ox read Oi 


2«, »> 4. 


For ha read ^ii. 



38, Equations (2), (3) should be iiri cos ^1 + Br^ sin ^1 + C= 0, 

Jr, cos ^8 +-Br,8in ^a + C = 0. 
41, line I. For AB read ilC7. 
44, Ex. 1. For ao read 17. 
47, Ex. 39. For 'reciprocal' read 'reciprocals*. 
51, line 5 of Art. 56. For 'lines* read *line*. 
57, Ex. I (4). For ixy^ read ^iny. 

— „ (5)- For 4y» read 40^. 

59, Ex. 20. For 'a rigid* read 'an equilateral'. 

68, line 9. Strike out 'proportional to'. Further on, for 'the form (i)' 

read 'a form like (i), determining I, m, n only as regards their 

ratios'. 
73, Ex. 10. For 'line' read 'lines'. 

— „ 13. For € read I. 

76, Equation {2). For -2 (a + 6 cos w) y read - 2 (6+ a cos w) y, 

81, line 9. For ifc' read c*. 

83* » 3 0* Art. 91. For y read x. 

86, Ex. 8. For 'relation between A, B, and (?' read 'relations between 

A, B, and C necessary'. 
89, Ex. 32. For X* read x. 

97, Ex. 7. For 'curve' read 'curves'* 

98, line 6. For X, N, D read X, if, jY. For 'polar' read ' pole'; and 

strike out the reference. 
109, Ex. 10. For (-^2, 4) read (4, -2). 

— Ex. II, For /^3 read 3. 

Ill, Ex. 29. For 'points' read 'point'. 

130, Ex. 36. For 'sums... of central... are' read 'sum... of two central... is \ 

— Ex. 39. After 'the length of insert *a'. 

142, Art. 159. For 'the two axes' read 'the two co-ordinate axes'. 
151, Ex. 41. For 3a* -6* and 36' -a' read a* -36' and 6*- $a^. 

— Ex. 44. For 'those' read 'any', 
167, Equation (2). For 2c' read 2cfxy. 

192, line 2. Strike out the comma after '(Art. 194)'. 

231, line 2. For ^2 read V?. 

232, Ex. 22. For 'Ex. 30 and... into propositions' read 'Ex. 30 or ...into 

a proposition ', and for ' Deduce from the circle the ' read ' Deduce 
a property of the circle from the '. 
256, Chapter VI. Ex. 4. For 'if a>ir and <o' read 'if a>oand <ir'. 
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INTRODUCTION. 



1. Algebra enters into Geometry in two ways. It may 
be applied, as in Trigonometry, to problems concerning the 
magnitudes of lines, areas, volumes, or angles ; and it may be 
applied to problems concerning the positions of lines and sur- 
faces. Both these applications are made in the subject of 
Analytical Geometry, which in its most general form deals with 
4qMice of three dimensions ; and both are made in that special 
and simpler branch of Analytical Geometry which is concerned 
only with figures lying in one plane. 

2. Let there be chosen in the plane of operations a point 
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2 INTBODUCnON. 

and two unlimited straight lines X'OX, y OF passing through 
0, and intersecting at right angles. Then suppose we know 
that a certain point in the plane is at a distance b from the line 
X'OX, and at a distance a from the line YOY, and that we are 
required to find this point. Take J/, Jf' in XX'y such that 
OM^ OM' = a, and JV, IT in FF, such that 0N= OJV= 5, and 
draw through M, M* parallels to XX^ and through N^ JV parallels 
to FF', so as to form the rectangle F^J?^^. Then we know that 
the point in question is one of the four angular points of this 
fectangle ; and we know no more about the position of the point. 
But suppose that distances from YY^ are positive or negative 
according as they are on the OX-side or the OX'-side of YY\ 
and that the sign + is placed before a ; then we know that the 
point in question is either P^ or P,. Again, suppose also that 
distances firom X' are positive or negative according as they 
are on the (?F-side or the OX- side of XX, and that the sign + 
is placed before 6 ; then we know that the point in question is P^. 

If for + a, + 6 there ha^d been given — a, + J, the point in 
qijie^tion would have, been P, ; if — a, — i, P, ; if + a, — i, P^. 

3. The distances (properly signed) of a point from the fixed 
line9 JPf ', YY' 9xe c^ed the co-crdiruxtes of the point. The 
co-ordinate measured parallel to XX' is usually denoted by the 
symbol oj, and that measured parallel to YY by the symbol y. 
Thus the x of the point P^ is + a, and the y is + J; or, more con- 
cisely, for the point P^^x=^a^ y = h. Similarly for- the point 
P„a; = — o, y = &; for the point P3, x^^ — a, y = — J; for the 
point P^, a? = a, y = — &. 

We may also speak of the point P^ as the point (a, J), and of 
the points Pg, P^\ P^ as the points (- a, J), (—a, —J), (o, —J) 
respectively. Or we may, when there is no risk of confusion, 
omit the brackets, and, in the case of P^, the comma : thus P^ is 
the point ab. 

4. H instead of choosing XX' and YY' at right angles we 
choose them inclined at any angle, and if we measure parallel 
to XX' distances from YYy and parallel to YY' distances 
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from XX\ and alter the Word * rectangle' to the nioi*e general 
term * parallelogram,' then Arts. 2, 3 may be repeated. 

The point is called the origin of co-ordinates j or the origin. 
The lines XX\ TY* are called the co-ordinate axesy or the axes: 
XX! is the axis ofx and TY is the aaris ofy. When the angle 
of XO F is a right angle the axes and the co-ordinates are said to 
t)e rectangular ; when the angle XOY is not a right angle the 
axes and the co-ordinates are said to be oblique. It is commonly 
understood, when no intimation is given to the contrary, that the 
axes are rectangular. 

5. Another apparatus for registiering the position of a point 
in the plane of operations consists simply of a fixed point and a 
fixed line drawn from this point. The method which employs 
this apparatus is called the method of polar coordinates. Let 




be the fixed point and OX the fixed line ; and suppose we know 
that a certain point in the plane is at a distance a from and 
that the line joining it to makes an angle a with OX, and that 
we are required to find this point. 

Make the angles XOP, XOP\ on opposite sides of OX, each 
equal to a, and make OP, OP' each equal to a. Then we know 
that the point in question is either P or P'. There will be no 
doubt which of these two points is to be taken, if angular dis- 
tances measured firom OX be considered positive or negative 
according as they are measured towards OP or OP, and if a 
sign be prefixed to a. 

1—2 
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6. The point is called the origin or pole, and the line 
OX the initial line: OF is the radius vector of the point P, and 
XOP the vectorial angle of the point P. Let the general sym- 
bols for the radius vector and the vectorial angle be respectively 
r and 0. Then the polar co-ordinates of the point P are o, a ; or, 
for the point P, r^a, = a; or Pis the point (a, a). For the 
point P, r = a, 5 = — a ; or, P' is the point (a, — a). 

7. The angle a has been supposed < 7r,.but by the Trigo- 
nomekical extension of the term * angle' we may express the 
position of any point without a negative vectorial angle. Thus 
in the figure P is the point (a, 27r— a). In like manner P is 
the point (a, — 27r — a). 

Again, the radius vector also is capable of two signs. Pro- 
duce PO to Pj, so that OPj = OP. Then the symbol (-a, a) 
may be used to express the point P^. If we wish to express P^ 
with 2i positive radius vector, we may call it the point (a, ir + a) 
or the point (a, — tt — a). So Pis the point (— o, w + a). The 
points (r, ^, (—r, 5) are on a straight line through the pole and 
are equidistant from the pole. 

8. Let 0?, y be the co-ordinates of any point P referred to 
the rectangular axes OX, OY, and r, the polar co-ordinates of 




the same point referred to and OX, vectorial angles being 
considered positive when measured from OX towards OF. Then, 
PM being perpendicular to OX, we see from the right-angled 
triangle OPif that 



x=^rcoa0, and y = rsin5 (1); 



and that 



r* = a?^ + y*, and tan ^ = ^. 



.(2). 
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Thus if r and be known, x and y are known from (1), and 
if X and y be given, we can find r and from (2), 

9. We now proceed to express analytically the length of the 
line joining two given points («,yi), [x^y^. 

'The axes are supposed to be inclined at an angle eo. 




Let Pbe the point x^y^ and Q the point a?jyj,. 

Draw PM, QN parallel to OY and PR parallel to OX, so 
that 

x^^OM, y.^PM, x^^ON, y^^QN. 

Then PB^x,^x,,QB = y,^y,, 

and PQ'^PIP+QIP^^PB. QBcosPRQ 

= («.~»i)' + (y2-y,)'+2(aj,-aj,)Cy2-yi)co8o> (i). 

In the particular case of rectangular axes fi> = o > and 

i'(y=K-aj.)« + (y.-y.r (2). 

Suppose we require an expression for the distance of a point 
xy from the origin, the axes being inclined at an angle a>. 

We may write a;, y for a;,, y,, in (1), and 0, (the co- 
ordinates of the origin) for x^, y^. Hence we find that the square 
of the distance is 

aj* + y* + 2a?y cos© (3), 

as might also have been proved independently by a figure. 
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10. In obtaining the formula (1) the quantities x^^y^^ x^,y^ 
were supposed positive, so that the points P, Q were both in the 
Jirst compartment, as the space within the angle XOY\b caUecl. 
But the formula will give accuratelj. the distance between any 
two points whose co-ordinates are known. Suppose for instance 
that ajj, y^ are positiye and y^, a?, negative, so that P lies in the 
fourth compartment (or witiiin the angle XOY')y and Q in the 
second compartment (or within the angle X' OY), Construct 
the figure as in Art. 9. Then 

Pa' = Pi?+Gi?-2Pi2.gi2coso>, 
for the angle PB (^ = ». 




Now PR = MN^ 0M-{- ON^x, + ( - x,), 

(for, since x^ is negative^ the numerical measure of 0-^ is - x^ 
= x^ -r a?,. 

And QB=QN^NB^y,^{^y;^^y^^y^. 

.\ PQ'^{x,^~x,y+(y^^y;)^-^2{x,-x,)(y,^y;)coBw, 
= (a?,-a?,)*+(y,-y/ + 2(aj,-aj,)(y,-yJcoso>. 
And aijjr other cjase may be treated in like manner. 

11. To express the area of a triangle in terms of the qo^ 
ordinates of the angular points. 

Let P, Q, B^ the wgular points of the ttia^gl%. b€i ^y^, 
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^%y%^ ^J/t respectiyelji tiie axes being inclined at an angle w^ 

Y 




Draw the drdlnates (as they ta^ called) PL, QM^ BN parallel 

to or. 

The area of any Ibriangle is measured by half the product of 
two sides and the sine of the included angle. 

The triangle PQB 

= figure PXJf^ + figure QMNB-&gtm BNLP. 

Join PM, QL. The figure PLMQ 

= triangle PLM^- triangle PMQ, 

= triangle PXJf+ triangle QML, (Euclid, i. 87) 

^\{PL^'QM)MLmit6, 

= i(yi + y«)(»«-a'i) sin«. 

Similarly, the figure QN 

and the figure PN 

= -i(y. + yi)(a'i-a'«)si»®- 
Thus the area of the triangle is 

^{(y«+y.)(«3-a0 + (y3+yi)(«i-».) + (yi+y«)(«.-«^i)}i 

which expression may be reduced to 

*-^ {»iyt - aj^B + ^lya - ^zVt + <^^x - «iy«} W- 
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In the particular case of rectangular axes the area of the 
triangle is 

i{x^^-x^y^ + x,y^-xj/^^x,y^^x^y>i (2). 

If, in anj particular case, the formula for the area of a triangle 
give a quantity with a negative sign, this sign must be changed. 
We may if we please change the sign of the expression for the 
area, and use instead of (1) the formula 

^K(y.-y8)+»«(y8-yi)+a^8(yi-ya)} (3). 

The reader will observe that the term x^{y^—y^ can be 
obtained from »i(y, — yj ^7 changing 1, 2, 3 to 2, 3, 1. The 
same change derives x^{y^-y^ from x^{y^-y^ and x^{y^-y^ 
from x^{y^ — y^. The sufl&x 3 is to be considered as coming 
just before the suflSx 1. Thus 123, 231, 312 are, in a manner, 
the same order of suffixes, and in like manner 321, 213, 132 are 
all one order, which is the opposite of the former. 

Ex. The area of the triangle formed by joining the points 
^iJfv ^Jl% ^ ®*^^ o^^r and to the origin is 
±Jaina)(a?^j-a?jyg), 

The area in (1) is depressed as an algebraic sum of three 
such areas, 

12, To find the cchordtncOes of the point which divides in a 
giv^ ratiQ t^ line Joining itoo given pointy. 
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Let astfheHie point P which diYides in the given ratio n^ : n^, 
the line joining the given point aj^y^, or A^ to a given point aj,jr„ 
or B. Then AP : jRP= n^ : n,. (JS4 is divided in the ratio 
n, : nj. Draw the ordinates AL, BMy PR. Then since (Euclid, 
Book VI.) all straight lines which are cut bj a system of parallels 
are cut in the same proportion, 

APLR 
BP^MS' 

thatis, !^ = ^Z3; whence x = !?&±^». 

Similarly y ^Mi±Mi, 

The axes may be inclined at any angle. 

In the particular case of bisection nj = n„ and thus we see 
that the middle point of AB is 



[ 2 ^ 2')' 



13. In Art. 12 the division was supposed internal; but if 
\ > n^ AB can be divided eoGtemaUy in the ratio n^'%\ that 
is, a point Q can be found in AB produced, such that 

AQ : jBG = «i : w,. 

If Wj < w,, a point Q' can be found BA produced, such that 

AQ' : BQ' = n^ : n,. - 

The co-ordinates of the point of division will be found to be 
in either case 

which expressions may be deduced from those in Art 12 by 
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chaiigiilg the sign of the fraction ^ ; for thai change of sign 
ebaages tho a from 



«.+5i, 



X. 



fl>, "" • SP^ 



^ + 1 



to 



-^+1 
% 



that is to ^^ — ^^: and the v to ^^^ — ^^. Thus we may 

consider the point Q as a point where AB is divided in the ratio 
Wj : — Wj, and the point (^ as a point where AB is divided in 
the ratio — Wj : n,, placing the negative sign before n^ or n, 
according as the corresponding segment of the line AB is mea- 
sured along AB forwards or backwards. 

14. The following construction maj be used for finding a 
point Q in ^IB produced, such that AQ : BQ^AP : BP {AP 
being of course greater than BP, since AQin nec^sarilj greater 
than BQ). 

Take any point V not in the line AB; join VA; thiottgh B 




draw BBS meeting VP produced in B ; make B8 equal to BB ; 
and join VS meeting AB produced in Q. 

^^^ AP^'AV ^y similar triangles BPB, APV) 

— -jx^=-^ (by similar triang^les BQS^ AQV). 
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15. Whea a line AB is divided in P aad Q so that 
AP : BP=^AQ : BQ^ it is said to be divided harmomcaJhf. 
For, bj the definition of Hanaonical Ptogression, APj AB, A Q 
are in Harmonical Progression, since the first AP is to the 
third AQ as the difference PB of the first and sec(»id to the 
difference BQ of the second and third. . 

(We have supposed AP greater than BP. If AP be less than 
BPy Q lies in BA produced, and^P, BA, BQ are in Harmonical 
Progression.) 

(^P is also divided harmonicallj at B and A^ for 

QBx BP^ QA ; PA. 

Thus QB, QPf ^Jl axe in Hanuonical Progression. 



Examples oir Chafteb I. 

N.B. The 0) in brackets at the end of a question means that 
oblique co-ordinatea aye to be used. 

!• Find the polar co-ordinates of the points whose rect- 
angular co-ordinates are as follows: 

(1) aj=l,y=l; (2) a? = - 1, y=r-2; 

(3)a? = ^3,y = 0; (4) aj^Oiy-^4; 
and indicate the points in a figure;. 

2. Find the rectangular co-ordinates of the points whose 
polar co-ordinates are as follows : 

(l)r = 2,d = |; (2) r«l,tf = Oj 

(3) r = -l,tf = -J; (4) r^ 1,^ = 0; 

and indicate the points in a figure. 
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'3. Find the distance between the points (—8, —1), (5, —5); 
and the perimeter of the triangle formed hj joining the first 
three points in Example 1. 

4. Find the area of the triangle whose angular points are 
(0,1), (-1,0), (2, -2). 

5. The co-ordinates of A^ By C are respectively 

and the middle points of BC, GA, AB are -O, E, F. Find the 
co-ordinates of I), Ey F^ and those of the middle points of the 
sides of the triangle jD, E, F ..(»). 

6. Find also the co-ordinates of the point which divides AD 
in the ratio 2:1, and applj the result to shew that the lines 
ABj BEy C^Fmeetinapoint (»). 

7. Prove geometrically that the distance between the points 
(r, e)y (r , ff) is V^ + r ' - 2rr' cos {0 - ff), and that the area of 
the triangle formed by joining them to each other and to the 
origin is ^' sin {O-^ff). 

8. ABC is any triangle, and ABj AG biq taken for co- 
ordinate axes. Given that AB=c, and -4(7=6, find the co- 
ordinates of the middle point of BG, and the distance of that 
point firom the origin. 

9. Apply Example 8 to prove that in any triangle the 
squares on two sides are together double of the square on 
half the base and on the line joining the vertex to the middle 
point of the base. 

10. The axes being inclined at an angle (o, and the origin 
and axis of x being made the origin and initial line of a system 
of polar co-ordinates, the formulae for transforming Cartesian into 
polar co-ordinates are 

sin ((o — ff) sin 

a?=sr \ -, u.=r— . 

smo) • ^ sm6> 
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N3. ' Cartesian ' coordinates (so named after Des Cartes) 
are such as determine the position of a point hj reference to 
two fixed straight lines. 

11. If ^, ^' be the middle points of ^JB and PQ in Art. 15, 
FP.FQ^FA^mirA.F'B^FI^. . 

Trace the changes in ^'s position as P moves from Bio A. 

12. Obtain a general formula for all the names of the point 
(r, 0) in polar co-ordinates. 



CHAPTEE n. 



THE STBAIGHT LIKE, 



N.B. When * co-ordinates' are spoken of it is generally un- 
derstood that they are Cartesian co-ordinates (see note on 
Ex. 10, Chap. !.)« 

In this Second Chapter the inclination of the axes is in general 
unrestricted. 

16. The axed being inclined at any angle, let xy be any 
point P on a straight line NP^ which is parallel to OX and 
meets OF at a point JV, distant h from 0. Then y=^k (Euclid 
I. 34). This is true for any position of P in the line, and is 
not true for any point out of the line ; for the y of a point 




QoT Of out of the line must be either algebraically greater or alge- 
braically less than k. Thus the equation y = A belongs peculiarly 
to the line JVP, and may be called the 'equation of the line NP.' 
Any one acquamted with the system of co-ordinates could lay 
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down on the plane of operntion the line .9^ from the datum that 
it is Hhe line y=A?.' The equation y^h r^eaenU the line 
JVP. So the equation y = — i represents a line parallel to OX 
and on the opposite side of OX from NP, meeting the axis 
of F in a point N' such that ON' = ON. In like manner the 
lines x^hi a = — A are parallel to, and equidistant from, the 
axis of y. Again, the equation 2y -h 3 = represents a line par- 
allel to the axis of x and meeting the ' negative ' part of the axis 

3 
of y at a distance - from the origin. And, generally, the equ»- 

tion Ay + B^ represents a line parallel to the axis of a;, and 
the equation Gx + D = represents a line parallel to the axis of 
y. That is, a simj^h (or * linear ') equation involving only one of 
the ^ variables ' a;, y represents a line parallel to the axis of the 
omitted variable. 

17. Again, let Py be any point P on a straight line passing 
through the origin. Let OM, PM be the co-ordinates of P. 




PM 
Then, by Euclid, Bk. vi., the ratio y^j^ is the same for every 

position of P in the line. Let us call it m. Then, the following 
relation exists between the co-ordinates xy of any point in the line 

| = wi^ or y = mx (1) ; 

and this relation does not exist between the co-ordinates of 
any point Q not in the line. For let the ordinate QN meet 

OP in iJ, then ^^ f the ^ of Q\ is not equal to ^r^, that is, 

not equal to m. Hence the equation (1) is peculiarly character- 
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istic of the line OP, is, in fact, enougli to identify the line OP, 
and is called the * equation to the line OP.^ 

18. In these cases the quantities hyk^m are called con- 
stants, just as a?, y are called variahles. Thej are constant so 
long as we keep to the same line, but different for different lines. 
The constant w in the equation y = mx is numerically the ratio 
of the sines of the angles which the line makes with the axes. 
The sign of m determines the compartment in which OP lies. If 
m be positive, the line lies in the first and third compartments ; 
if negative, in the second and fourth. 

When the axes are rectangular m is the tangent of the angle 
which that part of the line which is on the T side of the axis of 
X makes with the axis of x produced in a positive direction. 
Thus, to speak accurately, the lines y='X, y = — a; make angles 
45' and 135' with the axis of a?. 

19. Again, let us take a line AB which meets the axes in A 
and -B, not passing through nor parallel to either axis. Let P be 

Y/ 




any point xy in this line. Draw PM parallel to OF, meeting ^ ^ 
OX in -Jf, and draw OB parallel to AB^ meeting PM in B. 
Suppose OB = Cj and let m be, as before, the ratio of the sines 
of the inclinations of AP to the axes of x and y, so that y = mx 
is the equation to OB. 

Then PM, the y of P, exceeds JJif, the y of JJ, by PB, or 
OP, or c. That is, at the point P 

ys=mx + c. 
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This equation is true at every point of the line AB^ and (as 
the reader can prove) at no point out of the line. It is therefore 
peculiarly the property of the line -4J5, arid is enough to identify 
the line AB, It is called the equation to the line AB. _ . - 

Similarly the line y = mx^c is parallel to the line y = mx^ 
-and is equidistant with AB from that line. 

20. We have now shewn that corresponding to every 
straight line there is an equation which can be put in one of 
the following forms : 

aJ==A (1), y = i (2), y = inaj (3), y^^mx + c (4). 

That is, by giving proper values to the constant or constants, 
we can find among (1), (2), (3) and (4) the" equation to the line. 
Thus for the axis oi x choose form (2) and put Aj = 0. For the 
axis of y choose form (1) and put A = 0. It is to be observed 
that the form (4) includes (2) and (3). 

All the forms are included in the general equation of the 
first degree, 

Ji» + J9y+ (7 = 0. 

In other words, this last equation can be made to represent any 
proposed straight line by giving proper values to A, B and G, 

21. The question now arises, whether curved lines have 
equations corresponding to them and representing them. It is 
more convenient to ask whether to equations of higher degrees 
than the first there correspond curved, instead of straight, lines. 
The answer is 'yes, generally:' but we must for the present 
confine ourselves to the straight line, laying down, however, 
certain definitions applicable throughout the subject of Plane 
Co-ordinate Geometry. 

An equation is said to represent, or be the equation to a line, 
straight or curved, when the equation is satisfied by the co- 
ordinates of every point in the line and by the co-ordinates of 
no other point. 

And the line, straight or curved, is called the locus of the 
equation. 

T. G. 2 
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An equation is said to be of the n^ degree when, after it 
has been reduced to a rational and integral form as far as the 
variables are concerned, the term or terms of highest dimensions 
in the variables are of n dimensions. 

Thus the equation - + - = -, reduced to an integral form, is 

in which — , being of two dimensions in x and y, and being 

the term of highest dimensions, shews the equation to be of the 
second degree. 

So aj"* + \^= Va, reduced to a rational and integral form, 
is ya?* = (a?i/a^ 1)', and is therefore of the fifth degree. 

An equation of the first degree, reduced to a rational and 
integral form as fSeur as the variables are concerned, is called a 

«___ SB / — 

linear equation. Thus +yv2 — 1 = is a linear equation, 
o 

The general type of such equations is Ax + By+O^^Oj and 

Ax ■\-By-\'0 is the general lype of linear Junctions of x and y. 

22. We may prove directly that an equation of the first 
degree can represent no line but a straight line. For let x^y^^ 
xjf^ ^»y» ^ a^y *tre® points on the foctw of the equation 

u4a? + J% + (7=0, 
then 

Ax^ + By^+C=0, ^a?, + %,+ a=0, Ax^ + By^+C^O. 

From these three equations eliminate -4, jB, G by cross 
multiplication, that is, multiply them respectively by y^ — y^^ 
Vfi'^yv Vt^Vt ^^^ *dd. There results 

or, since A is not supposed zero, 

aj,(y,-y3) + a?,(y3-yj + aj3(y,-y,)=0. 
This equation informs us that the area of the triangle of 
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which the vertices are aj^y^, x^y^y x^% is zero. Now th^se three 
points are any three points on the locus, and, as they are proved 
to lie in a straight line, the locus is a straight line. 

If -4 be zero, it is evident that the y of every point in the 
locus is the same : hence the locus must be a straight line par 
rallel to the axis of x. If J5 be zero, the locus is a straight line 
parallel to the axis of y. 

Thus the equation Ax + 5y + = 0, whatever be the values 
of -4, J?, (7, represents a straight line, and if the Ax + JBy-^- G 
of a point vatnishes, that point lies on the line, and if the 
Ax + jBy + C^ of a point does not vanish, that point does not lie 
on the line. Thus the 3a?— y + 1 of the point (1, 4) vanishes, 
and the 3aJ — y -M of the point (2, 3) does not vanish. There- 
fore the point (1,4) lies on the line 3aj — y + 1 = 0, and the point 
(2, 3) does not lie on that line* 

We shall sometimes speak of the line represented by the 
equation Ax + 5y -h _(? =5 as * the line Ax + J?y + (7.' 

23. To find the equation to a straight line in terms of the 
intercepts which it makes on the co-ordinate axes. 

Let P be any point xy on a line AB which meets the axes 
OX, OYin A, B. Let OA = a, OB=^h. Join OP and draw 
the ordinate PM. Then 

^AOB^LBOP+is.AOP. 

Y 




Tj , A50P BP ,^ ,., ,, CM, ^. X 



2—2 
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, . ., 1 6.A0P y 

and Similarly -^JOB^r 

Therefore - + f=l. 

a 

This is the equation required. 

24. If we suppose a infinite, the equation becomes y = ft, 
representing a line through B parallel to Ox. Similarly the 

equation - + ^ == i includes the form x=ia. When a and h are 

both very, great the line is at a very great distance. Also the 
portion AB^ in any case, lies in the 1st, 2nd, 3rd, or 4th com- 
partments according as the signs of a and ft are + +, — +, , 

or +-• 

Ex. Draw the straight line 2aj - 3y + 7 = 0. The reduced* 
form is 

^+2 = 1, 

zl 1 

2 3 

Thus the portion AB lies in the 2nd compartment. 

26. The intercepts of any line A'B' parallel to AB are 
proportional to a and J. Let them be/ta, fJ>. Then the equa- 
tion to AB' is 

-■^\-l (1), 

fia fib ^ ^ 



or 



?+? = /* (2). 



Let AB be fixed and suppose /* to change from + oo to — oo . 
A'B' is at first infinitely distant, and then approaches nearer 
and nearer to AB, coiacides with AB when /* = 1, passes through 
the origin as appears from (2) when /a = 0, and finally is lost 
at infinity on the origin side of AB. 

Thus a line passing through the origin has infinitely small 
intiBrcepts, but they may have a finite ratio. 
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26, Let Ox he A straight Kne chosen in space, and let 
-4, By G^Dhe any points in space. Draw (Euclid, i. 12) Aa^ 




JBby Ccy Dd perpendicular to OX. Then the points a, 5, c, d 
are called the jnrqfections of the points -4, B, C, D on OX, and 
the lines a&, ic, oJ, &c. are called the prqjectwna of the lines 
ABy BC, AD, &c. on OX. Let the direction OX be considered 
positive and the direction XO negative : so that ai, he, acj dd 
are, in our figure, measured in the positive direction, and 5a, cJ, 
ca^ cd in the negative direction. 

Then ad is the algebraic sum of ab,hcycd: or, the projection 
of the line joining A to D is the algebraic sum of the projections 
of the three lines which join Aio B, B to O, C to 2). 

And generally the projection of the line joining a point A to 
a point B is the algebraic sum of the projections of the lines 
AA^y -4j-4j, A^A^...A^^A^, A^B. The order of the two letters 
which denote any line in this series must be strictly observed. 
The projection of AD on OX is not the sum of the projections 
oiAFy jDi^'but the sum of the projections of AF^ FD. So also 
the projection of DA on OX is the sum of the projections of 
DF, FA. 

The sum of the projections of the sides of any closed polygon 
is zero : for if we set out from A and travel round to A again 
through any number of points, the projection a also returns to its 
original position, and has accomplished, therefore, a distance 
zero. 
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Now suppose the line OX and the points projected to lie all 
jn one plane. Then ah the projection of AB » AB x cosine of 
the angle between AB and OX. If this angle be acate, then ha 
the projection of Ja = BA x cosine of the angle between BA and 
OX, and (as this angle is obtuse, being the supplement of the 
former angle) ha is negative, as it ought to be. 





Let ABj BOy two straight lines of lengths a, J, and at right 
angles, connect the points J, O. Let the angle between AB and 
OX be 0. Then the projection of -4 (7 on OX = a cos 5 + d sin fl 
or a cos 5 — J sin 5, according as the right angle ABO opens, or, 
does not open, upon OX. (The dotted lines and arrows in the 
figure indicate the direction of OX.) 

Projections in one plane can also be made obliquely, by 
ordinates drawn in any constant direction; but the most usual 
system of projection is the orthoffonal, as that which we have 
touched on is named. 

27. The equation to a straight line can be expressed in 
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temiB of the line's distance from the origin^ aad the angles which 
this distance makes with the axes. 

Let ocy be any point F{OMy PM) on a line ABj and let OQj 
the perpendicular from on AB, be of length p^ and make with 
the axes OX, OY the angles a, fi. The axes are supposed to 
contain any angle cd, so that a + i8 = ©. Then OQ is the pro- 
jection on OQ oi the 'broken line' OMP^ and, as the angle 
between MP and OQ is )8, this projection 

= aj cosa + y cos)8. 
Thus 

X cosa + y cos)8=|? (1) - 

for any point a?y in the line; and therefore this equation is the 
equation to the line. 

In the case of rectangular axes fi) = ^ , and (1) becomes 

X cosa+y sina=^ (2). 

In the figure the line crosses the first eompartment. If j> be 
negatiye, the line crosses the 3rd etmipartment ; if cos a be nega- 
tiye and p and sin« positive, the line crosses the 2nd com** 
partment (Art. 24) . 

28. Iiet xy be any point P in a straight line, and let a5 be a 

y/ 




faced points in the line. Let AP^r^ and let r be capable of 



24 THB STRAIGHT LINE. 

Sign, SO that, the Ime being given and A given in the line, any 
point in the line can be found if its r be known* Let the 
line make angles a, /8 with the axes, so that, if a> be the angle 
between the axes, a + )8 = ©. If the parallel line through lie 
in the angle X'OY^ fi may be considered negative. 

»,, x-a 8in)8 y-5 sin a 

inen =^—. , =-= — , 

r sm Q) r sm © 

by Trigonometry. 

Let ?!5^ , -^^ be denoted by ?, w ; so that Z, m are ratios 
aino) smo). • 

of the projections of any portion of the line on the co-ordinate 

axes to the portion projected (the projections being made by 

lines parallel to the axes). 

Then ^ = 3^=^ (1). 

" This i9 another form of the equation to a straight line. We 
have supposed r positive : if in the figure Phad been taken on- 
the pther side of A^ then x — a, y — b, and r would have been 
negative. The result (1) would have been unjiffected. 

29. The angles a, ^ may be called directton-anglea of the 
line AP or of any parallel line, and Z, m the direction-ratios of 
the line -4P, or of any parallel line. The direction of .-4 P may 
be called the direction [Z, m]. Thus AF is drawn through ab in 
direction [Z, m]. 

Let Zr, Jf be any quantities proportional to Z, m. Then AP 
may be represented by the equation 

a? — a_y — J 

but these equal quantities are not equal to r, unless L, Jf are 
equal to Z, wi as well as proportional. Thus we may also call 
the direction [Z, m] ' the direction {L, If)', the square brackets 
being reserved for the special case of direction-ratfo*. 
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When the axes are rectangular, a + ^8 = - , and 7, m are the 

cosines of the direction-angles, or the direction-cosines^ The line 

y = 2a? is the line (1, 2) or (2, 4) or (/, 2/), but (as the direction- 

r2 In 
angles are tan"^ 2 and the complement of tan"^ 2) kTJ , ITo • 

o . . . . . r ' ^ Jg 1 

So the direction (-4, jB) is the direction / ., pg , y ^, ^ I? 

Again, let the axes be inclined at anj angle, and let and 
Ox be pole and initial line. Then if [Z, m] be the direction of 

OPy the equation to OP is -r = — = r, a convenient formula for 

Cm 

changing Cartesian into polar co-ordinates. 

30. To find the directton-a/ngles of the line j = mx + c, the 
axes being inclined at an angle o). 

Let -45. (fig. to Art, 19) be the line y = wia? + c, and OR the 
parallel line y = mx, and let BM, parallel to OF, meet OX in M. 
Also let z.ROX=^ a, and /.ROY^p. Then a, fi are the di- 
rection-angles required, and a + )8 = fi). 

From the triangle ROM 

sin a _ BmROM _ -R^_ 
im^ ~ sin OiJif " OJtf"" ^' 

Thus sina = iw sin(a) — a) = wi(sina)cb8a — coscisina), 

or sin a (1 + w cos ©) = cos a . m sin w, 

9/1 sin 0) 



or tana = 



1 + wi cos © ' 



cos 5 



Therefore Tsince if tan 5 = ^ , sin ^ = ^ , and 



w» sm Q) 1 + ^ cos ft) 

sm a = . , cos a = 



VI + 2W COS ft) + W" a/I + 2W cos ft) + w' 
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and 

. ^ sinfi) Q m + cosa> 

.Bmi3= ■ ■ ==> cos p = I =k* 

i^l + 2m cos c» + m^ Vl + 2«icos« + i»" 



Pofor Co-ordinates. 

- 31. Let -4a7 + jBy + (7 = be the equation to any straight line 
in rectangular co-ordinates, and let r, 5 be the polar co-ordinates 
of any point ay in the line. 

.Then ojsarcos^, y = rsin5, and -4aj+^+ (7=0. 

Therefore ilrco85 + jBrsin5 + (7=0 (1). 

This is a relation connecting the r and of any point in the 
line, and is therefore the polar equation to the line. 

We may also obtain geometrically a form of the equation. 




Let P be any point (r, ff) in the line and let OQ be^the 
perpendicular on the line from the origin. Let OQ=^p, and 
let Z QOX=a. Then from the triangle OPQ we see that 

^ = rcoB (^-a) (2). 

This is also an equation to the line, and is of the finm (1), 

bduag 

cos a . rcoB d+flin a . r sin ^ — p ss 0. 

The polar equation to. a straight line drawn through the 
pole is of the form = constant. This is geometrically mani- 
fest. 
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Examples on Chapteb II. 

1. Of what degree in x and y is the equation 

2. Find the intercepts made on the axes by the lines 

2aj-3y = 5, ^aj + 5y+(7=0 (©>. 

3. Determine the inclinations to Oa? of the lines 

« + y = 0, px + qy-r, V3y + aj + 2 = 0. 

4 Find the direction-cosines of the lines 

aj + y=55, 2aj + y=3, a; + 2y + 6 = 0, 

aj+V% = 2, V3aj-y + 5 = 0, 

J^+9y = 0, fx-gy^O, Ax + By+C=0. 

5. If [Jj m] be the direction of a line, and o> the inclination 
of the axes, 

F + m* + 2lmco8a} = 1. 

6. K a, i8 be the direction-angles of any line, 

cos' a + cos'jS — 2 sin a sin ^ cos © = sin*©. 

7. Determine the inclinations of the lines 

y = a;, ic + ycosa) = 0, -4aj + jBy+ (7 = 0, 
to the axis of a; (co). 

8. Find the direction-ratios of the line y = 2aj + 3, the axes 
being inclined at 45°. 

Also find those of Ax + JBy+ C^O, for any inclination of 
the axes. 

9. Transform x — y — 3 to polar co-ordinates and 

rco8(5 + |) + 5 = 
to rectangular. 
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10. Draw the straight line 

rcosr5+jj+V2 = 0, 
and determine whether the point a; = 2, y = 4 lies upon it. 

11. Draw all the straight lines nnmericallj given in 
Example 4. 

. A B 

12. Prove that if "T* = d' > *^^ ^ ^^ ^^^^ <^*s®> ^^^ ^^ 

Ax + Btf-^ (7, A'x + Fy+ G are parallel (see Art. 23). .....((»). 
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32. (1) The following Lemma from Algebra is eiasilj 
proved and should be remembered : 

J£ ax + by + cz=^0, and a'aj + i'y + c'«=5 0, then 
_x y_ 



be — i'c ca! — ca ab* — dh * 

(2) Another algebraic theorem which is useful in Greometry 
is this: 

a. a. 



If T* = Y*= =J = &c., then each fraction 
*i \ \ 









in short, 5= ? )x^' ,'' 7'*" A , being any homogeneous funo 
tion of the first degree. 

Any given case of this theorem can be proved by supposing 
A; = f« = ^ = &C. 
SO that hjcy hje ... may be substituted for a^, a,.... 

33. To find the co-ordinates of the point of intersection of 
two given lines 

Ax + £!f+C = 0...{l), A'x + B'y+C' = 0...{2). 
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Let P be the point of intersection. Then the Ax ^-By-vO 
of P= 0, because P is on the line (1), and the Ax + By + C of 
P=0, because Pis on the line (2). 

In other words, at the point P 

^a?+Py+(7.1=0, and ^'a; + jB'y+(7M=0. 

Therefore by Lemma (I), 

a? y 1 

Thus the lines Ax-{-By-{-C^ A'x + By+ G meet in the 

point 

fBC'-^B'O CA'^G'A\ 

[aB--A'B' AB - A'b) ' ^"^ 

Given the equationa to two straight lines, the co-orctinates 
of their point of intersection are found by combining the given 
equations. 

Ex. The lines x^^h^y^h meet in the point (A, h). Thus 
when we speak of the point a; = A, y = ^, we give two lines which 
by their intersection determine the point. 

34 Euclid's definition of parallel straight lines may be 
altered to this: Parallel straight lines are such as are in the 
same plane and do not meet unless infinitely produced. 

Thus the lines Ax + By+Gy A*x-\' B'y^- G' are parallel 
if their point of intersection be infinitely distant ; that is, if 

AB^A'B^O, or ^/=^. 

Ex. The lines 2a;+3y = and 2a; + 3y = 5 are parallel, 
for here 

A'^ B' 

So the lines 2a? + 3y=l, 4aj + 6y+5=0 are parallel, and 
generally, two lines are parallel when the x and y terms in 
their equations are virtually the same. Thus Ax + By-^ (7=0 
and \ {Ax + J?y) + (7'= are parallel. 
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Thus the line Ax+ C^O is parallel to the line x=s 0, iiM 
is, to the akis ofy. 

Again, the lines y = »wB + c, y^^mx + c' are parallel, as may 
also be proved from the equality of their direction-angles. 

36. To fini ike condition that the lines Ax + By + C ... (1), 
A'x + B'y + 0'...(2), A"x + B"y + C"...(3), may meet in a 
point. 

Since (1) is to pass through the intersection of (2) and (8), 
the co-ordinates of the intersection of (2) and (3) may satisfy (1). 
That is (Art. 33), 

A (ff 0"- -B" a') + -B ( G^^" - ^"^0 + ^ (-^'^' - ^"^) =- 0- 

This is the required condition, and is the result of eliminating 
X and y from the equations to the three lines. 

Ex. The lines y = mx^ y = 0, a? = meet in a point So 
do the lines 

Ax-k-By-^-G, A'x + B'y+G, Ax + By + C--X{A'x + Fy-^Cr), 

but this example deserves a separate examination. 

36. Let Ax + By + G=^0...{l)y A'x + By -^(7 = 0. ..{2) he 
equations to two given lines. Then 

Ax + By + G^X{A'x + By+a) (3) 

is of the first degree and therefore representa some straight 
line. 

Also the point of intersection of (1) and (2) lies on this line, 
for since the Ax + By + G and the A'x + By + G' of that point 
are both zero, the co-ordinates of that point, substituted for x and 
y in (3), give 0=0. 

Thus (3) represents some straight line passing through the 
point of intersection of (1) and (2). Call that point P: then by 
giving different values to X^ we get different straight lines 
through P. 

But can we by giving a value to X make (3) represent any 
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straight line through P? Yes : for let PQ be any such line and 
let it be required to determine X so that (3), shall represent the 
line PQ. Let a;, , y^ be the co-ordinates of Q. 

Since ^ is to lie on (3) we must have 

Thus the value to be given to X is ., * . t^ - — 777 , and the 
^ Ax^ + B'y,'\-C 

. ^ Oio . Ax + By+G Ax. + By.-\- G , . , . 
equation to PQ ^ a'^^s)^^ G' ^ A'xl+B'y[+ G' ' ""^'^^ '^ 
vmbly satisfied by the values a?^, y^ of a?, y. 

Ex. y=^mx is the equation to a line through the inter- 
section of y = 0, a?= 0, and by giving a proper value to m can 
be made to represent any straight line through the origin. 

The equation to the line joining ay^, y^ to the origin is ^ = ^ 

X x^ 

X y 
or- =-^. 

37. It has been proved that the equation 

Ax-fBy + C = X(A'x + B'y + C) 

can hy giving the right value to X he made the equation to any 
straight line passing through the intersection of Ax -f-By + C and 
A'x + B'y + C. Conversely, the equation to any line through that 
point of intersection must be of the form 

Ax + By + C = X (A'x + B'y + C). 

38. To find the equation to the, line through two given points 
x„y,an6?x„y,. 

The first point is the intersection of the lines x^x^,y^y^\ 
thus the required equation must be of the form 

— ^' = a constant (1). 

Now a?g,yj lies on the line; therefore a?,, y, satisfy (1) ; that is, 
-^ i= the constant. 
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Thus the reqliired equation is ~ 

^^z:^. = ^i:5or ^■::^ = ^^-=^.•.......(2)• 
y-yl yt-yt ».-^i y.-yi 

Another form is of course £ZL^ = yzi^ ,(3). 

Another is 

«(yi-yJ+y(^.-^i)+»iy»-^tyi~^ -W* 

which asserts that the area of the triangle whose vertices are 

Up to this point of Chapter III. the axes may have been 
inclined at any angle. We shall now suppose them Tcctangular 
until farther notice. 

39. The equation -4aj + -%+ (7=0 (1) can be reduced to 
the form xccosa + ysina-j> = (2). 

For (1) and (2) are identical if ^=5^=^, in which 

t_ T tc.\ \. x: /cos'a + sin'a 1 

by Lemma (2) each ratio=,^ ■ j^^^ = V^+^' 



case 



ThtlS C08« = ^^^^, 8in« = ;j^^. audi,-;j^=^. 

The rule for reducing any equation of the form (1) to the 
form (2) is therefore this: Divide by the square root of the sum. 
of the squares of the coeflSoients of x and y. 

2x 1 

Thus 2a?-y + 5 = becomes "^--7= + V5 = 0. 

Also the length of the perpendicular from the origin on the 
line is the numerical value of ' ^ , and the direction-cosines 

A B 

of this perpendicular are ^^=:=, ';jT^' 

T. G. 3 
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40. To find the angle letween two lines whose directions are 
n, m], [1', m']. 

If a, a be the angles whose cosines are Z, T, a -^ a! is the angle 
required, and cos (a-'a') = cosacosa' + sinasina =Zr-f-mm'. 

The angle between the directions (?,«n), (?,«»') is the angle 
IV + mml 



its cosine is 



VCP + m^jCr + m") 



41, To find the angle between the lines Ax + By + 0, 
A'x + B'y+C. 

The parallels through the origin, which are inclined at the 
same angle as the given lines, are Ax + By^ Ax + Jffy or 

X _ y X _ y 
and these are in directions 

f -g -^ 1 r ^ -^ 1 

Lv^*+-B»' Vu4«+i^J' Lvi^ntb^' v^'^+^^J' 

The cosine of the angle between them is therefore by (9) 

J{A + Br){A'^B^' 

42. To find the condition that the lines Ax+By + C, 
A'x + B'y + C' may he at right angles. 

The cosipe of the angle between the lines is the cosine of 
90®, and therefore vanishes. Thus the condition is 

AA' + BB'^O. 

The directions (Z, m), (7, m!) are at right angles if 
R' + ww' = a (Art. 40.) 
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r ' 43* ' Two lmieffi;^hich are not at right angles make an acute 
and an obtuse angle, of which the cosines are numerically equgl, 
but in sign opposite. Thus if we wish for the cosine of. the 
ohttise angle in Art. 41, we must give to the radical the opposite 
sign to that of AA' + BB. 

44. From Art 41, or from a figure (see Euclid, I, 32), we 
can prove that the angle between y = ma? + c, and y = 'nix + c is 

tan - 



1 + mvfi ' 



The condition of perpendicularity is 1 + mrni = 0, for in this 
case the tangent of the angle is infinite. 

45. If Alx 4- By + C be perpendicular to Ax -^-By^ C^ 

A B 
then -^ = —J . Thua Ax + By -f (7' = can be put in the 

form Bx^Ay^^, constant, and this is the general form of 
equation to a straight line perpendicular to a given straight line 
Ax + -By 4- (7. The x and y terms are deduced from those of 
the given equation by this rule: Interchange or invert the 
coefficients ofx. and y, and alter the sign of one ofthem^ 

Ex. To find the equation to a line through the point oi y' 
perpendicular to the line - + ^ = 1. 

The equation must be of the form ax — Jy =some constant, 
and what constant is determined by the point a?'/.* For as oi y' 
lies on the line we are drawing, aa?' — jy =, or is, that con3tant ; 
thus the equation required is aa? — iy = ooj' — hy\ 

In like manner the equation to a line through x*y* parallel to 
Ax + By-\- C is Ax + By=^ Ax' + By\ and this result holds for 
any inclination of the axes. 

46. To find the length of the perpendicular from the point 
-s! J* cm the line 

Ax + By + C=0..... (1). 

3—2 
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The equation to a line throhgli oi y' parallel to the given line 

is ^aj + %-(-4aj' + %') = (2), 

and the perpendicular required is equal to the distance between 
the lines (I) and (2). 

Now the distances of (I) and (2) from the origin are, without 
regard to sign, equal to 

If the lines (1) and (2) lie on the same side of the origin, 
then (7 and --{Ax' 4- -By') have the same sign (Art. 24). Also 
in this case we require the diffisrence of the distances from th^ 
origin. 

If the lines (1) and (2) lie on opposite sides of the origin, 
then G and — {Ax* + By) have different signs. Also in this case 
we require the sum of the distances (3). 

Thus the distance required is in either case (without regard 

. . Ax' + By* + (7 - 

to sign) J ^ z — , or, to speak more symbolically, the 

distance is ± ^, ^^ —jT - • 

Ex. The distance of (0, 1) from x—y^l is the numerical 
value of — T^r- , or is J2, 

47. To find the angle between the lines 

y = mx-f-c, y = m'x + c', 
the axes being inclined at an angle eo. 

By Art. 30, if a, a' be the inclinations of the lines to Ox^ 

A.^^ - m sin 0) . , m' sin a> 

tan a = , tan a = : 



1 + m cos CO ' 1 4- w' cos « ' 

and, by Euclid, i. 32, the angle between the lines is a -- a'. 
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Tfc ^ , , ,. tan a - tan a' 
But tan(a-a)«a^-— -; j, 

^ ' 1 + tan a tan a 

Thus the tangent of the angle between the lines is 

• (m '-' w!) sin a> 

1 + (»» + rn) cos CO + Jwm' ' 

and the condition of perpendicularity is 

1 + (w + »»') ^8 6) + mm* = 0, 

1 4- m cos (0 



or 



«i o — 
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cos i» + m 



48. The axes being inclined at an angle a>, to find the distance 
of ^ paint Js!j' from the linej^mx + o. 




Let P be the point and PZ the perpendicular on the given 
line AB. Draw PQM parallel to Fmeeting AB, OX in Q, M. 

Then OM=Xy and Cif«»iaj' + c, and PM^y\ therefore 
PQ:=^y'^mx' -c. 

And PZ=i^sinP(2Z== (y' - wo?' -c) sin QBY. 

Now by Art. 30, 

sm QBY= 



sin 01 



Vl + 2m cos » + «i* ' 
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therefore pz^iy-mx-c)Auu, , 

Vl +2mcosG)4- wi 

Of course the same method could have been used with rect- 
anguhu: axes. 

49. To find the polar equation to %he line joining {r^O^ and 

Let ^rcos^ + -a-sin^+ (7=0 (1) 

be the equation required, the ratios of -4, -B, G being as yet 
undetermined. Since the points (r^ ^J, {r^O^lie on the line^ 

Ar^ cos e. + Br^Bme-h (7= (2), , 

Ar^cosO + Br^ sin 0+ (7=0 ..(3). 

' B7 Lemma (1) we can find from (2) and (3) the ratios of 
A, By G. Substitute these in (1). The result of this eliminating 
process is 

rr.sm {e-e,)+r^r^^m (^, - ^,) + r, r sin (^,-5) =0 (4). 

Let P be any point (r, 0) on the line, and P^, P^ the given 
pointa 

Then equation (4) asserts that of the triangles OPP^y OP^P^ 
OP^y one is equal to the sum of the other two. And from this 
fact the equation could have been derived. 



Transformation of Go-ordinates, 

50. It is often convenient to change the origin from the 
position first fixed upon to some other point in the plane of 
operations, without altering the direction of the axes. 

If A, A be the co-ordinates of the new origin 0', referred to 
the old axes OX, OY, and a?y be any point referred to (?X, OYy 
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a?Y the same point referred to the new axes tJ^X', (X F, then, 



y 




as the reader will easily prove by a figure, 
aj = aj' + A, y — j/^h. 

Ex, What will be the equation to the line 2a; — 3y = 3 when 
the origin is transferred to (1, — 2) ? Here oj = aj' + 1, y = y' — 2. 
Therefore 2a? — 3y = 2aj' — 8^ and the new equation is 2aj' — 8y ' = 3, 
or, accents suppressed, 2a: — 8y = 3. 

To transform any equation by moving the origin to (A, ^), 
write a? + A for a? and y + A for y. 

51, To change the aacesfrom one rectangular system to another 
having the same origin* 




Let a?, y be co-ordinates of any point P referred to the old 
axes OX, OY; x\y the co-ordinates of P referred to the new 
axes OX, OF; and let the angle XOX be 6. Then OM is 
the projection of the broken line OMP on 0-Z, and therefore 

= Oif' cos^-Pif' sin^, 
that is, a5 = a?' cos5 — y' sin ^... (l). 



40: 
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, Similarly, by projecting OMF on OF, we get 

y = a?'Bin^-i-ycos^..... (2). 

The angle Q was measniipd towards OY. Thus if OX had 
bisected the angle between OY produced backwards and (?X, 

Q would be — — . 

4 

52. Other cases of transformation in Cartesian co-ordinates 
might be proposed, and some will be found in the examples. 

We can, as hinted in Art. 29, transform an equation from 
Cartesian to Polar co-ordinates by writing &• for x and mr for y, 
I and m being the direction-ratios of r. 

a' 
Thus the equation xy^c? becomes -^ = Zw . 

53. We shall conclude this chapter with the solution of 
four problems^ 

(1) The lines dravmjrom the angles of a triangle perpendi&i-* 
lar- to the opposite sides meet in a^oir^. 




C X 

Let ABC he the triangle, and let AL, BM^ GNhe the three 
perpendiculars. Take L for origin, and LGj LA for axes of 
X and y. 

liCt LG^f, LBr^g, LA^h. 

Then the equation to -4.(7 is -^+^ = 1, and the equation to 
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-BJf, i.e. to a line through (- ^, 0) perpendicular to -4-B, is 

-M-|(^») ••(')■ 

The equation to AB^ since the intercepts of AB are - ^, A, is 

The equation to ONy that is, to a line through (/, 0) perpen- 
dicular to AB is 

l*H p)- 

The point where BM^ CN meet is found by combining (1) 
and (2). 

It is the point oj = 0, y = ^ . 

And this point lies on the line x^O^ that is, on AL. Thus 
ALy BMy d^Tmeet in a point. 

Call this point the Orthoceniare of the triangle -4-B (7, or of the 
points Ay jB, C\ and let it be D. Then of the four points Aj Bt 
C, Dy anj one is the orthocentre of the other three. 

(2) ABC is a triangle right-angled at C. CD is at right 
angles to AB, CE bisects the angle ACB, and CF bisects AB in F. 
A line from B at right angles to CF meets CD in a, and By8 is ai 
right angles to CE and meets CE in /9. Prove that the points 
a, y3; F lie in a straight line. 

Take GAy GB for axes of x and y, and let GA = a, GB= J. 
Then the equations to GD, GE, GF are 

ax^by (1), aj = y (2), ^ = | (3), 

the first being obtained firom the equation to AB (Art. 45). 

Also the equation to -Ba is ax-^-by^V (4), and the equa- 
tion to 5)8 is x-^-y^b (5). 

T^e co-ordinates of a, found by combining (1) and (4), a^„ 
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2a' 2' 
I b 
2' 2* 
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Those of /9, found by combining (2) and (6), are 



Therefore the equation to a/S, since a and /3 have the same y 
h 

This equation is satisfied bj the co-ordinates of F. That is, 
J^ lies on the line a/3. 

(3) A point moves so that the difference of the squares of its 
distances from two given points is constant. Find the locus of the 
point. 




Take the line joining the two given points -4, B for the axis of 
Xj and the middle point of AB for origin. Let OA =: a, and let 
xy be the moving point P. Then 

P^==(a;-a)' + y», and P5» = (a? + a)«+y». 

If then PB^ — PA^ = a constant quantity T^^ 

4aa? = J" and «==--, 
4a 

This is the equation to P's locus, and thus P moves in a 
straight line perpendicular to AB and distant — from the mid- 
dle point of -4jB. 
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We have confined ourselves to the case in which PB > PA. 
Strictly speaking, the locus is two straight lines which coincide 
when h is zero. 

(4) O is a fixed paint and OAB is any line through O meet' 
ing in A, B two given lines Aa, B^. 

In OAB a point P is taken such that 

OP^OA'^'OB- 

What is^ the locus ofP? 




Take for pole and draw an initial line OX Let the equa- 
tions to -4a, Bfi be 

- = acos^ + &sin^, - = a cos^+J'sin^, 
r r 

(these are perfectly general forms). 

If the angle XOP be 6, then -i =acos^ + Jsin^, and 

-7r^ = a'cos 5 + y sin5; 

That is, at P, - = (a + a") COB ^ + (5 + J7 sin ^. 
Thus the locos of P is & straight line. 
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Examples on Chapteb III. 

AETii 32—38. 

1. Find the point of intersection of the lines 

3aj + 5y=54, y=7aj+l (a)). 

2. The lines 

2a;-3y + 5, x^-y + A, 6a?-6y + 20, 
meet in a point (ct))» 

3. Prove that the equation y — ^ = w (aj — A) can by giving 
a proper value to m be made the equation to any straight line 
through (A, k) ." («). 

4. Find the equations to the straight lines through the point 
(1, — 2), whose acute angles of inclination to Ox are each 45®. 

5. Find the equation to a line through the point (A, k) 
parallel to the liney = 9na; (a>). 

6. Find the equation to the line which joins the origin to 
the intersection of the lines 

M='. M-^ (-)• . 

7. Find the equations to the lines which pass through the 
following pairs of points : 

(1) (a, J), (-a, -J), (2) (2, --1), (-3,0), ^ 
(3) (4,7), (4,1), (4) (0,a), (0,-a)...(a>). 

Aets. 39 — 50. 

8. Find the distances of the lines 

a? + y+6 = 0, aj+y-6 = 
from the origin, and find the distance between the lines. 

9. Find the angle between the lines 

y = 2aj, y = 3a?+4, 
and the distances of these lines from the point (3, 6). 
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10. Apply Art. 33 to find flie condition of paralleliam of 
the lines Ax + By+ C, A'x + By-k- C\ 

11. Find the equations to two lines through the point (0, — 1), 
one parallel and the other perpendicular to the line 2a; — 3y + 5. 

12. Find the equation to a line through the origin per- 
pendicular to the line joining the points (a, J), (c, d). Find 
also the length of this perpendicular. 

13. Apply Arts. 9 and 46 to find the area of a triangle 
whose vertices are given. 

14 The axes being inclined at 120^ find the angle between 
the lines a? + 2y = 0, a? — y = 0, and the equation to a line through 
the point (1, — 1) perpendicular to the line y + 3a5 = 2. 

15. The distance of the point x'y ifrom the line Aai+By + O 

{Aoi + By'+ O) sin ta 

V^*- 2^5 008© + ^' 

16. The condition that the lines 

Ax + By+0, A'x + B'y+0, 

may be equally inclined to the axis of as in opposite directions is 

B B' 

•2+-T7 = 2cosa>. (©). 

17. Find the equations to the bisectors of the angles between 
the axes, and shew that these bisectors are at right angles... (oi). 

18. Deduce the result of Art. 49 from that of Art 38. 

Aets. -50 — 52. 

19. Transform the equation a:* + y'= 2ca?, by changing the 
origin to the point (c, 0) («)• 

20. Transform aj* - y* = a* by turning the axes through 45°. 

21. Transform r* = a* cos 20 to rectangular co-ordinates. 
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22. If the origin be transferred to the point A^^, aid the 
axes be then turned through an angle ^, the formulas of 
transformation will be 

* a; = aj'cos5 — y sin^ + A, y = x' aiaO -^-j/'coaO + k. 

23. The degree of an equation cannot be altered by any 
transformation in rectangular co-ordinates. Could it be altered 
by any transformation in oblique co-ordinates? 

24. Transform the equation y* = fo, so that the axis of x 
inay remain unchanged while that of y is brought nearer to it by 
30 degrees. 

25. Obtain formulae for transforming from a system of 
tectangular co-ordinates to a system which has the lines 

y = a?tana, y = ajtan/9 
for axes. 

26. Find the area of the triangle formed by the three lines 

y = 0, y4-a? = a, y = mx+c, 

27. Why is the condition in Ex. 16 free from O and 0"i 

A A' 
What is -D + "57 = 2 cos 0) the condition for ? 

28. Find the equation to a line perpendicular to the axis of 
oj through the point (A, k) (©). 

29. In the figure to Euclid, i. 47, the lines FC, KB, AL 
meet in a point. 

30. Prove by taking two sides for axes that the lines drawn 
from the angles of a triangle to the middle points of the opposite 
sides meet in a point. 

31. A point moves so that the sum of the squares of its 
distances from two points x^^, x^^ is equal to the sum of the 
squares of its distances from two other points xjg^, xjf^. Prove 
that the locus of the point is the straight line 

2a?(a?, + a;,-a?3-a;,)+2y(y, + y,-y3-yJ 
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82. A point moves so that the sum of the squares of its 
distances from n given points = the sum of the squares of its 
distances from n other given points. Find the locus of the point* 

33. A line OP meets n fixed lines in -4^, -4,...-4„, and i^ 
drawn from a fixed point 0. If '^= 'jyT + qT"^ ••• 'nT > ^^ 
locus of P is a straight line. 

34. If the equation to a straight line involve some unknown 
constant in the first degree, and all the other constants be known, 
the line passes through a known point (»). 

35. Through the intersection of y — 2a; = 1, X'\-by^Q, 
draw a line perpendicular to 2y + 4a;= 7. 

36. Upon the sides of a triangle as diagonals parallelograms 
ore described, having their sides parallel to two given lines. 
Prove that the other diagonals of the parallelograms meet in a 
point (ft)). 

37. Find the equations to the straight lines through the 
point (1, 3) which are inclined at 30° to the line x+y'/3 = ^. 

38. If AL, BM, CN be the perpendiculars from A, B, G, 
on BGy CA, AB and ifJV, NL, LM meet BG, CA, AB respec- 
tively in jP, (?, B", then jP, G, H lie in a straight line. 

39. A straight line moves so that the sum of the reciprocal 
of its intercepts is constant. Prove that it passes through a 
fixed point. 
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54. We now retnm to the subject of Art. 21. 

The equation a^-y*=0, or (aj-y) (aj+y)=0 (I), is satis- 
fied by the co-ordinates of any point whose x—y vanishes, and 
by the co-ordinates of any point whose x^y vanishes: and if 
neither the oJ — y nor the x-\-y of a given point vanishes, the 
co-ordinates of that point do not satisfy the equation (1). 

That is to' say, the equation (1) is satisfied by the co-ordi- 
nates of any point which lies in one of the straight lines a? — y, 
a +y, and by no other point. 

Equation (1) represents therefore two straight lines, namely 
ihe lines aj - y, a? +y. 

In like manner the equation (a? — 2y + 1) (2aj + 3y + 2)=:0, 
represents two straight Unes, namely, the lines a; — 2y + 1, 
2a? + 3y + 2. 

The equation (aj — y + a) (aj — y) =0 represents two parallel 
straight lines of which one approaches nearer and nearer to the 
bther as a is made more and more nearly equal to zero. 

K abe zero, these lines are coincident. Thus (a?— y)* = 
represents two coincident straight lines. 

The equation (a? — 2y) {2aj — y + 3) (a? — 2y + c) = repre- 
sents three straight lines, namely, a?— 2y, 2aj— y+3,- and 
a? — 2y + (J, of which two are parallel. The equation 

(aj-2y)'(2aj-y + 3) = 

represents three straight lines, of which two are coincident. 

The equation y' — hxy + iy* = represents two straight lines, 
y = 2a?, y = 3aj, passing through the origin. 
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The (equation -4a5* + 5a?y + (^ = represents two straight 
lines passing through the origin : for if .a, fi be the roots of the 
equation 

then Cz^ + Bz + A^€{z'-a){Z'-l3) identically: 

therefore 4a? + ^ + Cy = aj'|(7(|y + 5(|) + ^| 

= (7(y-aaj)(y-^a?). 

Thus the two straight lines are y = oa?, y =?)8a?. The linea 
coincide if a = /8, i.e. if 5"-4^(7 = .0. 

And, generally, any homogeneous equation represents a series 
of straight, lines through the origin. For 

is the generallype of such equations, n being a positive integer. 
Now if a^, a, ... a^ be the roots of 

^,«* + ^,«*-'+...+J^,« + u4^ = (2), 

then the first side of (2) 

= .4o(^-"«i)(^""««)'*'(^""0 identically. 
Thus the first side of (1) 

= A,{y^a^x){y-a^) {y-^n»)^ 

Therefore the locus of (I) consists of n straight lines passing 
through the origin. 

Ex. y* - Sic'y -I- 2a:' = represents three straight lines 

y + 2a?, y-a?, y-i?» 

of which two are coincident. 

T.G. 4 



36 $Si: ^lOLAiGmtr (line. 

If/(») 'denote ^4^ + ui^aj*"* + -.. + 14^, so that 

tlten /(a?) fc= itepresents i* straight lines -parallel to the axis 
of y. 

Similarly /(y) = represents n straight lines parallel to the 
axis of X. 

The equatiicto 

{A,x + B,y+O,){A^ + B^+O;)...{A,x + B^ + C:)^0 (3) 

represents n straight lines, viz. .those ^orrcRippading to the several 
£Eictors. 

If ^ = | = §^, i.e.if(^« + 5.y + aO(-4^ + Ay + aj be 

a perfect square, then two of lite n«toig}]^4ines coincide, ^-m 
perfect r^ power occur in the product of the n linear factors, there 
correspond r coincident lines in the locus. 

If (7j, Cg ... G^ all vanish, equation (3) is homogeneous, and 
all the lines pass through the origin. 

If ^j, ^, ...-4^ all vanish, the lines are all parallel to the 
axis of y. If '5^, ^^ ... J?„ all vanish, the lines are all parallel 
to the axis of ^. 

All these .remarks apply equally 40 oblique and rectangular 
co-ordinates. The polar equation to a series of lines through 
fte <oMgih "^ like mme as the Garteaian, 4»xt Ihas Z^vitd m for x 
and y. (Art. 52.) 

65. IPo ^niithe angle'betwt&ii the Btrdiglit ^Unes , 
Ax* + B«y-FCy*«=i), 
(he cuce$ hetng rectangular. * 
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-Let m^, i», betti)^ Tallin tif i!; in the equation 
Cg' + Bz + A^Oy 

B A 

Then the tangent of the angle 

^ m^-w^ ^ ^/B''-4.AG 
1 + m^m^ A + (7 

The straight lines coincide if 5' — 4-4(7— (in which case 
-4a? + Bay + C^ is a perfect square), and they are at right 
angles i{ A+ G=^Oj i. e. if the coefficients of a? and y* be. equal 
and of opposite signs. Thus the lines 2a? — Sony — 2^ = are 
at right angles. 

i66. We reti^n to oblique co-ordinates. We know that 
the equation 4a; — 5y + 6 = (1) represents a straight line, which 
we may call * the line 4a? - 5y — 6/ This line may with equal 
propriety be called * the line — 4a? + 5y + 6.' Eyeiy straight 
line, in fact, has two names. The lines Ax + .By + (7 is also the 
line — -4a; — JBy — G: the. line x is also the :li|ie —a;. Can any 
use be made of .this dijialitj? 

The 4»— -5y-^6 of any point which is not on the line (1), 
does not yanish : thus the 4a; — 5y-^6 of the origin is —6: the 
^ — 5tf -^6 of a point on the axis of x at a very great distance is 
positive. This point k on the opposite side of the line &om the 
origin. The 4a; — 5y — 6 of any point on the same side pf the 
line as the origin is negative, .aud .the 4a; — 5y — 6 of any point 
on the other side of the line is positive. 

In like manner the Ax + By+ C/'s of any two points lying 
on opposite aides of the line -4a; + J5y + (7 are of opposite signs. 
For, in, the first place, the Ax +By + (7 of a point cannot change 
its sign without passing through the val^e zero, that is, the 
Ax + jB^ + (7 of a point is the same so long as the point remains 
on one side of the line. It only remains to prove that the signs 
on opposite sicles of the line are not the siame. To the reader of 

4—2 
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the Differential Calculus this will be evident, since Ax-{-By-{-G 
cannot, being linear, have a maximum or minimum value. But 
we may also satisfy ourselves by taking severally the special 
cases which arise by giving various signs to -4, B, G. For 
instance, let A, B, G be all positive. Then the line crosses the 
axes in the third quadrant, and the Ax + Bi/+ G of the origin is 
positive, while that of the point (— co , 0), a point on the opposite 
side of the line, is negative. Or again, suppose A positive, B 
negative, and G zero. Then the line passes through the origin 
and lies in the first and third compartments. We cannot now 
use the origin for a testing point, but we may take two such 
points as (1, 0), (— 1, 0), which lie on opposite sides of the line. 
The Ax + -By of the one is A, and that of the other — A, Simi- 
larly other cases may be treated. Thus every straight line has 
two sides, a positive and a negative. Which shall be positive we 
determine by the manner in which we name the line. The 
origin is on the positive side of the line a? — 2y + 1, but on the 
negative side of the line — .t + 2y — 1. 

This throws light on the occurrence of the radical in the ex- 
pression for the length of the perpendicular firom the point xj/ on 
the line Ax -{-By+G: and we see that when we have once fixed 
on the name Ax'\-Bi/ + (7 of a line, then the Ax'\- By+Go{ 
any point varies as the distance of the point fi*om the line, for the 
only variable part of the expression aforesaid is -4a? + 5y + G, 
Thus the x of any point varies as the distance of the point 
from a certain line, being actually that distance in the case of 
rectangular co-ordinates. The x cos a + y sin a — p of any point 
is the distance of that point from the line 

ajcosa + ysina — jp. 

57. A point is equidistant firom the lines 

ajcosa + ysina— ^, ajcos/8 +y sin/8 — j, 

if its ajcosa+ysina—p and xcoafi+yainfi — q be numeri- 
cally equal: that is to say, the equations 

ojcosa + ysina— ^ = a; cos /8 + y sin /8 — J :(1) 

a5cosa+ysina--^= — (a?cos/8+ysin/8— y) (2) 
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represent the bisectors of the angles between the straight lines 

a?cosa+ysina-p ...(3) 

a?cos/8 + y sin/8-j ,...(4). 




The lines (3), (4) have each a positive a.nd a negative side. 
Thus thej divide the plane of operations into four compartments, 
of which one is entirely on the positive side of both lines, and 
another, namely the vertically opposite, entirely on the negative 
side of both lines^ In. these two compartments lies the bi- 
sector (1). In the other two lies the bisector (2). 

Ex. To find the equations to the bisectors of the angles 
between the lines 

2aj+y = l, y + 3a; = 2. 

Expressed in the form. 

a? cos a +y sin a — p = 0, 

tie given equiations are 

V5 'V5 V5 ' VlO VlO VlO 
Thus the required equations are 

(2 V2 +3)a? + (V2 + 1) y - (V2 + 2) = 0, 

and • {2V5-3)a; + (V2-.l)y + 2-V2 = 0. 

68» Ta find the equation to the bisectors of the angle between 
the lines 

Aa?-vBxy-{- (7/ = 0. 

Let the given lines be y^m^Xy y^ifn^^ so that' m^, m, are 
the roots of Oz^-^-Bz^rA =0. 



§4 TtBS STBAIGfifS LIdfB. 

T]iBbudotoi»'^theaiig^ea^l)etwe^ p^m^yg^m^tae 

Vl + Wj* Vl+w," Vl + wJ* Vl+w/' 

These lines aie expressed bj the single equation 

(y->m,a;)» (y-^.a?)' ^ ^ 
1 + Wj" 1+w/ * 

or y"(m, + mj)+2a?y (1-WjW,) -aj'(«», + «»j) = 0, 

(7 — ^ 
or y' + So^.— ^ iB^-O. 

We Bed B/ -Abt SU ftat* Ae^e' stwight lineg tfwf i6t right 

Aa^+Bx3+ (7y*+ Dx + Ih/-{-F=^0 {f) 

represents two straight lines^ tojlnd the angle "between theni. 

Let A^ be the point of intersection of the two lines. Transfet 
the origin to hk, by writing x-hh, jf + k for a?, y. The new 
equation is 

Aa? + Banf+ Cf^O^ 

for, as both the lines pass through the new origin, the terms of 
one dimension and the constant term disappear. 

The angte between tlie Imes. is liherefore taaT*' ■ /] ^ — • 

Thus the angle between the lines represented by equation (1) 
is the same as th6 angle between &e lines 

Aaf + Bxy^-Cj^^O. (2), 

i.e. the same as the angle between the lines represented by the 
terms of highest dimenBtons in the^ efMti^d (l)v htA liL fact 
the lines (1) are parallel to the lines (2). 

60. In discussing the equation 



we YiSLH^ 9mppos«d« ftor fiisstl sidor i^^ W Ijbe, poo^n^i o£ tm retd 
linear fectors. If,, boi«evQj:>, .B* fee l^sa thaa 44 G the factors wQl 
be imaginaiy, and' the locjis consists of two imaginary straight 
Khes, viz. 



y+ ^ ^.a?^Oand^y+ - - ■ \j^ -^a?=0. 

These imagina]^ straight Kne^ iotersed; m. a real point, viz. the 
origin: for their equations are each satisfied hj making 

Ex. a?+j^=^0 represents the two iiiiiafMmrf eltmi^i^ Hbcilsh 

which iateraect in {k xeiJ pwbt^ vift the orig^ 

61. In what cases does the expression 

cuxf'-^-dxyi + cj^'+dx + e^+f^ m..*(1] 

bpeafe tip^k(te^ iwoL faei^M^^ Fov bistimeey bow arewe^ #o know 
whether 

2a? - I3a?y + 6^ - 3aj - % + 6 

does or doe» «ot so break up? The. ezpi»ssioi^. Cl) wclnies. aU 
1bo»e iwi^ieft of the rationiil an^ i&t^gsal Amotion of ^amVtes 
which are of the second degree^ but it is convenient tft re^lac^ it 
t>7 an equaBy general form 

aa? + hf + c+ 2a'y + 2Vx + 2G^xy. (2) 

Now if (2) be of the form 

{Ax-^By + G) {Ax+By^-C), 
then by equating (2) to zero, and solving the equation for y, 

we ought to find two rational roots, „ — > ^ — J 

rational, that is to say, as fav as, as ia Qoncemedy hx ^^By Q 
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way be surds or even imaginaiy. Now that the equation 
«a^ + fty* + c + 2a*y + 2 J'a? + 2o'icy = 

may give two such rational values for y^ it is necessary and 
sufficient that 

(a + c'a?)'- J (aa? + c + 2J'aj) 

be a perfect square: that i^, that 

(aV-J67~(o'*-aft)(a'«-fo) may-0. 

Thus if 

(aV - hby = {c'« - ah) {ci^ - he), 

or, which is the same thing> if 

aftc+2a'i'c'-aflr^-W*-cc'"==0 (3), 

then 

aaj" + V + <' + 2«y + 2ya? + 2c'icy (2) 

breaks up into two linear fiactors. 

We have supposed h not zero. If J = 0, then, if a be not 
zero, solution with regard to x leads to the same result If 
hoA a and 5 = 0^ then we may reason thus : The expression (2) 
becomes 

y {2c'x + 2a) + (2^0? -f c), 

and this cannot be the product of two linear factors unless 
2c X + 2a' be an exact multiple of 2b'x + c. This requires that 

T7 shall = — , or 2a'i'= cc\ which is indeed what (3) tells us, since 

c' is not zero. Hence (3) is universally applicable. 

It is also the condition under which 

aa? + hy' + cs^-'2a'yz — 2b'zx-'2c'xy... (4) 

breaks up into two factors of the form 

Ax + By + Cz, A'x + By + Cz, 

and the expression on the left-hand side of (3) is called the 
I)timwinaw< of the expression (4). 
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Ex. What value must we give to X in order that 

may break up into two factors ? 

3 1 

Here a = X, J = l, c = I, a =--, J' = -i, c^^, 

thus (3) becomes 



Examples on Chaptee IV. 

1. What are the loci of the following equations ? 

(1) a:^-a« = 0, (2) (a?-.a)^+(y- J)» = d, 
(3) (aj-a)(y-J)=0, (4) ^ + 4a3^« + 3a:^ = 0, 
(5) y" + 4a?y + 42^ = 0, (6) a?»-a* = 0.. (a)) 

2. Find the condition that one of the lines 

oa? '+ 2 Ja?y + cy* = 0, 
mskj coincide with one of the lines 

aV + 2J'a?y + cy = 0.......(6)) 

B. The lines 43^ +,^11 . ay = a5* include an angle of 60V 

4. Prove that the points (1, 2), (3,-4), lie on opposite sides- 
of the line 3a? — 2y = 1, and on the same side of the line 3a? =y. 

5. Two lines are drawn in directions [Z, m,] [?, mj. Prove^ 
that the bisectors of the angles between them are in directions 

(1+ 1\ m + m'), {I- 1\ m - m'). 

6. Find the bisectors of the angles between Jjx+By + Gj 
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7. Gvrm liarir asf-^hf-^e-^ atty+2y«-f2ttby ==0^ i^pre- 
sents two straight Unes,, prove that at their point of intersection 
ax + c'y + V=:0 and cx-^-hy + a' = 0. (See Art. 50.) 

8. Prove that the equation in Ex. 7 represents two straight 
lines if &e^ equations 

ax + dy + Vz^Oj c'x + hy + a'z^Oj 

and b'x + ay + cz=sOj 

can exist together for ether vahtes* of x^, jr^ ir than 0, 0, 0. 

9. Does a? — ixy + 4^ + Ga? — 12y + 9 = 0, represent two 
straight lines? (o>) 

10. What value must be given to /in order that 

^ +/^+ 3tey + x-^y^l, 
may represent two straight lines ? (o>) 

11. What values must be given to /and g m order that 

may represent two straight lines intersecting in the axis of a? ? {co) 

12. Find the area of the parallelogram whose sides are 
Ax + By+G, -4aj + -%+C, ax-hhy + c, ax + by + c\ 

and the equations to the diagonabi^ 

13. Interpret the equation sixtW^ &. 

14r Find titei e^ptislion. t^ a^ lane pama^ tiuough a given 
point and dividing the line joining two other points in a given 
ratio; 

The angular points of a triangle are x^y^^ x^y^, x^y^. Prove 
&ati the bisector o£ Ifie angle ai oq^ y^ ib npzeaentei by 



{l/,-l/i)J{x,^x,y+ {y,-yd'+ {ys-yi)J{^.-0?^^ (j/^-l/^ 
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16. Find the ratio in which the line joining a?^j, x^^ is cut 
1)7 the line -4aj + 5y+ C. (o)) 

16. A line is drawn from the point a! y* m direction [Z, w], 
to meet the line Ax + By^- G., Frow that its length is 

Ax' + By'-^G , , 

17. A line is drawn in a given direction and is terminated 
by two given lines. Find the locus of a point which divides it 
in a given ratio. (o>) 

181 ftrove^ ISjr* rf figdre that Ae Stance of ic'jj' from tJie Im6 
arctofta:+ycosv8=:jp, is"arcosat+y coff/8^— jp, 

or p — a: cos ft — ^ oos.^,. 

uecoiiingma^g' itf^r is^norctttk^iori^^^di&^tlbeliiie. 

19^ FAB, PGD are tdang^ on ghen liinetf AB, €!>, Had 
the sum of their areas is constant Vini, the loeusof P. Is this 
locus infinite? 

20i One vertex of lir rigfd trifs&ngle is^ fi^ed, anct another 
ifioves i^ng a given crtraight Hne; Find &e locus of the 
third. 



CHAPTER v.. 

ABBIDOED NOTATION OP THE STRAIGHT LINE. 



62. Let the STmbol L denote the expression Ax + By+ C. 
Then i = is the equation to a straight line, and we may call 
this line *the line L\ If M denote A'x -h^y + (7', Jf = is the 
equation to *the straight line M\ and i = \If, hj giving the 
right value to X, can be made to represent any straight line 
passing through the- point where the lines L and M intersect 
(Art. 37). Thus if we wirfi for the equation to the straight line 
joining that point to the point (A, k) : — ^let i^, Jf^, be the special 
Values of i, M obtained by substituting A, i for a?, y : then the 

equation required is -^ = -jsj . 

The L of any point is p^roportional to the distance of that 
point from the line L^ bein^ in fact equal to the length of that 
distance 



^ -. (Chap. III. Ex. 15). 

am Ai ^ * ' 



sino) 

So long as the i of a point remains the same, the point is on 
the same straight line parallel to the line L. The equation to 
any straight line parallel to the line L is expressible in the 
form L = constant. If the L*b of two points have the same sign 
the points lie on the same side of the line Zr, and if their i's 
have different signs the points lie on opposite sides of the line L, 
The lines L==c, L = '-c are parallel to the line L, on opposite 
sides of it, and equidistant from it. 

The lines L, JIf divide the plane of operations into 4 compart- 
ments. The lines L — \M lies in two of these and the line 
L + XMm the other two. For let P be a point in the line 
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L-r\M, and Q a point in the line ii + XJf, and let P, ^ be on 
the same side of the line M\ then the Jf' s of P and Q have the 
same signs, and therefore, as appears from the equations L = Xif, 
X = — \M, the Zr's of P and Q have opposite signs : that is, P 
and C are on opposite sides of the line L. If X be positive, the 
line L — \M lies in the + + compartment and in the com- 
partment ; and the line L + \M lies in the + — compartment 
and the — h compartment : for at any point in 




the first line the L and M have the same sign, since their ratio 
is the positive quantity X : and at any point in the other line the 
L and if have opposite signs, since their ratio is the negative 
quantity -X. 

63. If Lf M, Nhe three given lines not meeting in a point, 
then the equation IL + mM+ nN= (1) can, by giving values 
to Z, t», n which shall be in a' proper proportion, be made to 
represent any straight line whatever. For let the proposed 
straight line be that which joins the points aj^y^, aj,y^ Let X^, 
M^, N^ be the values which L, Jf, N take when a:,, y^ are 
substituted for x, y; in other words, let L^y M^, N^ be the 
L, M, N of x^y^ : and let i„ JfJ,, N^ be the L, M^ N of x^y^. 
Then, for determining the ratios of Z, w, n we have the equations 
LJt■\■M^m-{•N^n=^OyLJi■\^Mjn^\■Nj^^Ol whence 

Thus the equation sought for is 

If the straight lines X, M, N meet in a point, N is of the 
form \L + fiM (\^ fi being constants) and equation (2) becomes 
an identity. The form IL + mM+ nN= can in this case only 
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leprasQQtSnes pawing 4hioagh itbe <pcfmt of iiitenseclion t>f the 
UnesX, M9 N, ibeing eqoiyalent^ 

(Z + Xw)i+(wH-/in)Jf=0. 

64. &B an example of l!lie method of abridged notation we 
shall now scftve the following problem. 

On the sides BQf OAj AB of a triangle ^^ £7 pairs j)f, points 
are taken, J?^, O^; (7,, -4,; -4,, J?„ such that the points of inter- 
section of -B(7 with J?j(7,, of GA with .Oj-i,, and of AB with 
-4,Bj lie in a straight line. -8(7,, GB^ intersect in P, 0-4, in Qy 
and -4J?i, -E4, in B. Prove that -4P, BQ^ GB meet in a point 

Ay 




B L C 

Let X«0, M^Oj jr«0 be the equations to ;B(7, CAyABy 
and >kt Jf= XJV; Jlf « VJV; J^.= ^i, JV^=/*X, i= vJf, 1^ v'M 
dencMbe ^4-?^, -4Cj, J?(7„ BA„ CA^ GB^ respeetirelj. 

Then B^G^ joins the intersection of Ny L-rvJsT to the 
intersection of My N^fiL. Suppose its equation, then, to be 
M^+i-yif=0 pr i'Jlf+^-/ii = 0. (Art. .37.) 

From the idsntitj oftfae two forms we get 

Thus the equation to B^G^ is 

^^j^L-^y'M^Qy 
A* 

or £ =yjf + -- . 

7^ 
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iSimilaa^j the eqnatiote to 'L\JA^9 A^i ^'^ 

TSTow let ?i 4- >wa!f + wJT l)e the Tine on which Me flie inter- 
sections of B3O,, (7,-^3, -^yBj'wiih the corresponding sides df the 
triangle. Then IL + wif + n-N" = is satisfied 'by those values 

N 
otx and V which make L^Or^nd Ii^s/M'\ — .>ix•^wbich make 

N 
i/»4)tand JH"=— — ; :therdfilre 

m — nfiv' = 0, 
similarly n — IvK' = 0, 

and rZ — iwXft''*^ 0, 

and therefore X/ii/ X'/itV ss H. 

Again; at P we have -3r=/Lfr2y, i = i/'Jff : therefore P Kes on 
the line -A^=/LM/'J!f. Therefore, as this line passes through -4, 
it is the line A'P. Similarly L = vXfN^ M= \fi'L are the lines 
BQ^ CB. And as 'XfwX'/ii/ = 1, these three equations can 
coexist, that is, JIL, SM, GN meet in a point 

65. rlietilJie^ibbreviatedform le^-r,a^coB a— y sin'(ia)— a)=0, 
p being positive ; andllet a »tand for ^p— a? cos a— y c©& ((»-Ta). Then 
all points with a positive a are on the -same side of the iiae as 
the origin. Jjet/S, in like manner, denote j— ajcosyS— ycos (©—yS), 
5 being positive. Thenihe a and yS of any point are its distances 
from the lines a, p. The lines a-)8, a+)9 are the bisectors of 
the wigles between the 'lines a, /8. The lines «—- «)9, -a 4- ,«^ 
divide the angle between a and.yS internally and externally so 
that 'the sines of the segments ^are as^l to h. 
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Thus if ABy -4(7 be the lines a, A and AP, AQ the lines 

^ . sinP4J? sin QAB 
a-^Aa + ^^,then^j^^^=_^^. 

If BPGQ be Any transvermly or straight line drawn across 
the jpencil of lines AB^ APy ACy AQ, then, as the reader can 
prove, BG is divided harmonically at P and Qy or, in other 
wprds, BPGQ is a harmonic range. The pencil of lines eman- 
ating from A is called a harmonic pencil. 

In general, if ABy APy AGy AQ he any four fixed straight 
lines which are met by a variable straight line in J?, P, 0, Qy 

HP HO 

the arJiarmonic ratio of the range BPGQ is -Trp-^ T^g (being 

the ratio of the ratios in which BG is divided in the points P 
and Q)y and this ratio is constant, being equal to 

sin BAP BJnBAQ 
Bin GAP • BinGAQ' 

66. It is usual to reserve Greek letters for that form of 
equation which expresses a straight line in terms of the distance 
from the origin, and the angular position of that distance. 

67. The lines L-kMyL + kM form with the lines i, M 
a harmonic pencil; for, if a, ^ be altered forms of L and Jf, 
i = aV^" + ^, and M^/S^A'^ + B^ so that the equations 

i-iJf=0, L + kM=0 become OL-^kAy-jrr^ 13-0, sxid. 

tt + ^^ 1^ .if=0, which are of the form a-i)8 = 0, 

a + A)9 = 0. It is not necessarily true that the lines L — My 
i + -W are the bisectors of the angles between L and if. They, 
however, form with L and M a harmonic pencil. 

The line L — Jfeif makes with L and if angles equal to 
those which the line kL — if makes with My i, and the lines 
L — kM, L^kMWt in the same compartments. 

Ex. The line y = 3aj makes with Ox an angle equal to 
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that which 3y=^x makes with Oy, the axes being rectangular 
or oblique. 

68. Let ABC he a triangle, and let a, J, c be the lengths of 
the sides -B(7, CA, AB. Also let a=0, )9 = 0, 7=0 be the 
equations to these sides, the origin of coordinates being within 
the triangle. Then the a, yS, and 7 of any point P within the 
triangle are all positive. If PL, PM, PN be drawn perpen- 
dicular to the sides, 

Pi = a, PM=fi, PN^y. 



A 




L cL c 

Hente the areas of the tritogles BPGy CPA, APB are Jaa, 
ii/8, ioy, and if A denote the area of the triangle ABCy 

aOL+h^ + oy = 2^ (1). 

This is an invariable algebraic relation connecting the a, )8, 7 
of a poiht in the plane of the lines a, jS, 7. A point outside the 
triangle has two of the quantities a, )9, 7 negative if it lie in one 
of the angles vertically opposite to the angles of the triangle; 
otherwise it has two of the quantities a, )8, 7 positive. 

69. We might have defined a, )8, 7 as the distances of a 
point from the three sides J5(7, CA^ AB of a triangle of reference 
ABCy regard being paid to algebraic sign, and thus we inight es- 
tablish a system of Trilinear Coordinates on a basis independent 
of the Cartesian system. We shall, however, not abandon the 
right of passing from one system to the other, but assume, in order 
to establish results in Trilinear Coordinates, any results we please 
m Cartesians. We may call the point whose distances from the 
sides of the triangle of reference are aPy *the point a^y.^ Thus 

A is the point — , 0, 0. 

T. G. 5 
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70. The equation to any Btraiglit line can be pnt in the 

form 

Za + w)9 + ti7 = (see Art. 6a), 

In fkct the equation to any locus can be expressed in terms 
of a, ^j 7. For, as 

/I — a? COS a — jr cos (o) — a) = a, 

and J — ajco8)9 — ycos(a> — ^) =i8, 

(the reader will not be misled by the double use of a and )9), we 
can express x and y in terms of a and )3. Thus an equation 
f{xy) = can be converted into (ay9) = 0, and this can be made 

homogeneous by introducing —^ — -^ , which = 1. 

Ex. Let (ry = 97i' be an equation in Cartesians, and let it be 
required to get the corresponding equation in Trilinears. 

We have a? cos a -f- y cos (»— a)^i?^— «» 

« cosf )ff -f y cos (o) — iS) =2 J — /f, 
whenee 

cosacoBQo)— )3) — cos(® — a)cos/8 -^ 

(^-a)cos^-(g-^co8« jy,^y>^^.^> 

'' cos a COS (<» — /8) — cos (« — o) cos p •' 

Thus the non*homogeaeotis equation is 
and llie homogeneous equation is 

+ 8' (Ba + 2?3)} + ( "°+^^f + ^ )W - «•) = 0. 

Of course matters would be simplified in this case by sup- 
posing two of the sides of the Triangle of Reference to be 
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67 



coordinate axes* Suppose^ for inaUnee^ that G k ori^, and OAf 
CJSaxea oix andy: then a>= ^G and arsin 0=a, y sin G=/3. 




Thus the non-homogeneous equation corresponding to a!^ = m* is 
' •'t ' p "^ ^> and the homogeneous equatiott is 



«^-('^V4-Ji8+<^)r 



71. 2%6 fAree perpendiculars frim A,B,G<m BO, GA^AB 
meet inn apoiiU* 

Let AL be the perpendicular from A on i?(7. Then its 




equation is of the form 



P ZCsin (7 _ g cos (7 sin G _ cos 
7 "" LB^B "" c cos J5 sin J5 "" cos ^ ' 

therefore the equation to AL is jScosO^ff cos (7. The equations to 
the other perpendiculars are 7 cos (7= a cos -4, a cos -4 = ^ cos B^ 
and these lines meet in the point a cos -4 = /8 cos J? = 7 cos G. 

We ittay obsCTYC that any point may he d^oted hy equations 



such as 






6—2 
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If the actual values of a, )8, 7 be required, we have 

a^^ ^y^o d + ip + CT f^ 22\ 

l" m n al + bm-^cn al-^bm + cn' 

72. It may be shewn by a proof like that used in Art 28 
that any straight line can be expressed by a system of equations 
of the form 

^^^^^-Lzr^r (1). 

Here a', 0, f/ are trilinear coordinates of some fixed point in the 
line ; r is the distance, capable of sign, of the point 0/87 from 
the point a^y ; and I, w, ware numerically proportional to the 
sines of the angles which the line makes with BG, CAy AB. 
As a — a', )3 — /S', 7 — 7' cannot all have the same sign (see a 
figure), two only of the quantities Z, m, n have the same sign. 
l)raw through -4, 5, G three parallels to the line. One of these 
crosses the triangle, and to it corresponds the single sign, which 
is -f or — according as we choose the positive direction of r. 



Of course the line 



I m n 



is parallel to the line (1). 

Thus the parallel through G is 




Suppose we wish to reduce a — 2)8 + 37=5 (2) to the form 
(1). We may take for a'/3'7' the point 



^^= A _^A_\ 
* 2 '^V a + 26 + c/' 



A parallel through G must have an equation of the form 
a —2)8+ 37 = constant ; let the homogeneous form be 

a-2/3 + 37 = /c(aa + J)8 + C7) (3). 
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3 

Since the coefficient of I vanishes, k^-. Thus (3) becomes 

a B 
Comparing this with -^ = - we see that 

I m 



Sb + 2c c-3a* 




In like manner 




I n 




3J + 2c -2a- 6* 




Thus the reduced form of (2) is 




2A ^ 4A 


2A 


" a + 2brhc ^ a-2b + c ^ 


a - 23 + c ' 


36 + 2c c-Ba 


-2a-b • 



73. The lines la + m^ +nrfy Ta + wi^/S + riy intersect in the 
point 

g ^ fi ^ y ^ ^A 
win — w n ~" «r — n7 ^hn' — l'm" a {rnri — w n) + &c * 

The general equation to a line parallel to fot + w)9 + W7 is, 
when made homogeneous, la + m^ + «7 + #c (aa + J^ + 07) =i 0. 

The equation to the line joining the points a'iS'y', a"ff'y' is 

a ^/S-y -/S-V) + /9 (-/a" - 7"«') + 7 («' /9" - "'W = 0. 

This straight line may also be expressed by 

The lines Z(z + W)S + n7(l), ta + m0 + ny(2) are parallel if 
(2) can he put in the form \{la + mfi + ny)-{' fju{aa + bl3 + cy). 
Eliminating X and /i from the equations thus obtained, viz,, 
XZ+/Aa— Z' = 0&c., we obtain the condition of parallelism. 
But another investigation will be given hereafter;. 
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74. Tpjind the angk between the linee 

Make CA, CB axes of x and y ; then the equations become 
(Art. 70) 

a _ ,V ^ _ ^ 
«i "~ n ' m'" n* 

Thus the angle is (Art. 40) 

{mri '^ m'n) sin C 



tan 



ww' + nn' + (wn' + w'n)cos 0* 

The condition of perpendicularity is 

mm' + nn! + {mn + m'n) cos C^ 0. 

Thus the equation to the seoond' line is, in the <^ifie of perpendi- 
cularity, 



n-{-mco&G m + ncosC 
75. In the equation- +1 -1 = 0(1), let I become very 

great. Then the equation tends to the form — 1 = 0, and the 

line represented tends to beeome a parallel to Ox through the 
point (a, 0). If however we make both a and b very great, the 
line moves off to a very great distance^and the equation (1) tends 
to the form — 1 = or 1 = 0. It is convenient to imagine a line 
at infinily, or rather the line at infiuity, cotrrespoadiug to the 
equation 

constant » 0. 

The direction of this line is wholly undetermined. It is 
only to be looked ou as a line in which two other lines {parallel 
lines) may intersect. It intersects any line in one point only. 
Thus it meets the axis of x in the point a; = + op,y = 0, or, which 
is the same thing, the point a? = — oo, y = 0, 

Its trilinear equatipu, made homogeneous, is 

X(aa + J;3 + C7)=0, or simply <i« + J/84-C7=^0. 
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76. Thefe aro two cdn/uderations which 'may help the 
r^er to leceiye what seems the paradox in Art 75. The first 
18 this: the equation ooivsa^v+c in Algebra ifi formallj the 
same as c = 0, bat gives for x the value oo . It maj be looked 
upon as the limiting form of the equation 

a« = araj+<j when r-«l. 

The other is this : the asymptote of a hyperbola is a tangent. 
At which end is it a tangent? At both. Then the ends are 
the same, or we have a straight line meeting a conic section in 
more than two points. 

77. We can now find the condition of parallelism of two 
lines h + mfi + n^ fa + m'fi + n'y by a simple method. For if 
these lines be parallel their intersection lies on the line 

Thus the equations 

fa + mi8 + n7 = 0, Ta+m'l3 + ny=^0y aaL+bl3 + cy=^0 
can coexist, for which the necessary and sufficient condition is 
a {mn' - mn) + 1 {nl -nt) + c {Im - Vm) = 0. 

78. tet Ay B, C, D be any four points in a plane. We can 
draw three pairs of straight lines such that each pair shall 
include all the four points. Let these pairs be drawn, vi2. ABy 
CD intersecting in L ; AD, BC intersecting in M\ and AC, BD 
intersecting in N. The quadrilateral ABGD is now complete^ 
and j&, My Naxe its three vertices. 

L 
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Also' LMj LM form with XJ9, LA a harmonic pencil. To 
prove this it is sufficient to prove that if LN meet AM in JT, 
then AMBMhs, a harmonic range. Now from the geometry of 
the triangle ALB we have 

AW DG LB_ a4K ^ M^\ 
BM" LG 'AB'^'^BM ' LO ' AB^ ' 

therefore 

AM_AM 
BM'^BM' 

or AM'BM is a harmonic range. 

Similarly ML, MB^ UN, MB form a harmonic pencil, as also 
NB, NL, NC, NM, 



Examples on Chapter V. 

The equations to the sides BCy CAy AB of the triangle 
of reference are supposed to be a = 0, /8 = 0, 7 = 0, and the 
. lengths of the sides a, J, c. 

1. Prove that the equation to the line joining A to the 
middle point of BC is b^ = 07. 

2. Prove that the lines drawn from -4, B, G to the middle 
points of BGy GA, AB, respectively, meet in a point; and find 
the coordinates of this point. 

3. Find the equation to a line drawn through the point Jgh 
parallel to the line la + m^+m/. Ex. Let^A be the point A. 

4. Find the equation to the line joining the middle points 
of AB and A G and the equation to the parallel through A. 
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5. The equation to the line bisecting BC at right angles is 

)8 cos J? — 7 cos C/=s= - sin (0— JB). 

6. Find the condition that the lines 

maj meet in a point. 

7. Prove that the lines bisecting BO^ CA^ AB at right 
angles meet in a point 

8. Find the condition that the points 01)8^7^, a^{f^ ^^sYs 
may lie in a straight line. 

9. Find the ailgle between the lines h+ml3'^ny and 
la + m'13 + n'y. Deduce the condition of parallelism and the 
condition of perpendicularitj. 

10: Prove that the three bisectors of the angles of a triangle 
meet in a point, and find the equations to the line joining the 
feet of the bisectors, 

11. Find the coordinates of a point which divides in a given 
ratio the line joining Wo other points. 

12. Find the distance of the point J^i from the line 

13. Indicate by a figure the points 

a = 2)9=-37, a=-2^ = 37, 

and prove that if the sides of the triangle of reference be 3/^ 4/ 6/5 
these points lie on the same side of the line a + /3 = 7. Also 
reduce the equation to the line to the form 

g-g ^ j3-/y ^ 7-7 
c fn n 
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14 la what ratio does th« liiie h*^fnfi divide the line AB? 

16- If J?(7, CA, AB be respectively parallel to B'G\ G'A\ 
A!B\ then AAl, BB\ CG* meet in a point. 

16. The equations to three lines J5(7, GA^ AB are 

ii = 0, 17 = 0, tr = 0> 

and the equation to a line meeting them in Ly My N\a 

6i + wit; + nw = 0. 

Find the equations to AL^ BMy GNy and prove that 

BL CM AN 
CL' AM' BN^^ 

17. Ijet (see Example W) be the point where jBlf meeti 
GN. Then find the equations to AO^ LOt and prove that there 
is in the figure a harmonic pencil at each of the points Ay 0, L. 

18. Through Ay B, C lines are drawn to the point 
loL—mP^nrfy meeting the opposite sides in i, Jf, JIT. Prove 
that 

BL.CM.AN , 
GL.AM.m^^' 

19. Prove that if fa + 7W)8 + wy = cross the triangle of 
reference, then Z, w, n cannot all have the same sign. Supposing 
this line to meet A3y AG, not produced, in Ny My find the 
lengths of AMy AN. Find also the distance of MN from -4. 

20. Prove that the middle points of the lines A (7, BD, LM 
in the figure of Art. 78 lie in a straight line ; as also those of 
ADy BCy NL ; and those of ABy ODy MN. 

21. If w = 0, v=30, v = 0, lu-\-mv-\-nw^^ represent ABy 
BGy GDy DA in the 'figure of Art 78, what straight lines will be 
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represented by 

Zu — 2mt; + nto = 0, 2Zm — «it; + nto = 0, 

Zti — mv-f 2nto=:0, mt> + nti^ = 0, 

22. If there be two triangles ABC, AB'C, such that AA, 
BS, CC* meet in a point, then the intersections of corresponding 
sides will lie in a straight line, and converselj. 

23. If X, Jf, Nht taken in BG, CA, ABn^ that AL, BM, 
CAT meet in a point \ and if L\ Jf , -PT be the respective inter- 
sections of 5(7, MN; CA, NLi AB, LM; then L\ if, iV will 
lie in a st^u^ line. 



CHAPTER VI 



THE CIBCLE. 



79. Wb shall look upon the circle aa a curve, calling that 
a circle which Euclid calls the circumference of a circle. 

Let (a, h) be the centre (7 of a circle referred to axes OX, T 
inclined at an angle a>, and let (a?, y) be any point P on the 
circle. Also let the radius «= a 




Draw CW, PM parallel to Fand CR parallel to OX. Then 
. (7J?+aP-2(7i2.i2Pco8GBP=aP*, 
or, (a-a)* + (y-J)' + 2(a?-a)(y-J)cosa) = c" (1). 

This is the relation existing between the x and y of any 
point on the curve, and is therefore the equation to the curve. 
(Art 2L) Equation (1) may also be written 

0? + y* + 2xt/ cos « — 2 (a + J cos ft)) a? — 2 (a + J cos w) y 

+ a* + J'+2aJcostt)-c^ = (2). 
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Thus the equation to a circle can always be rednced to the 
form 

a?+y" + 2a?ycos« + -4a? + -%+ (7=0 (3), 

A, B, C being constants. 

80. With rectangular axes the equation is 

(x-a)«+(y-jr = c» (1); 

or, a^ + y"-2a£C-2i5y + a" + ft'-c's=0 (2). 

Thus the equation to a circle can always be reduced to the 
form 

a? + i^ + Ax + By+ (7=0 (3). 

If the origin be on the circumference, then (1) is satisfied by 
« = 0,y = 0. 

Hence a' + J' — c^ = 0, and (1) becomes 

aj' + y» = 2(aa? + iy)a? •• (4). 

If, besides, the axis of a; be a tangent, a = 0, and the 
equation is 

a» + y« = 2Jy (5). 

Similarly a^+y = 2aaj (6) 

represents a circle passing through the origin and touching the 
axis of y . 

If the origin be centre the equation is 
a?+y2 = cP,..(7), (with oblique axes aj* + ^ + 2ay cos« = c'). 

81. With rectangular axes every equation of the form 
a?' + y' + Ax + 5y + C = 0. . . (1) represents a circle. 

For (1) may be written 
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(A 1D\ 

""¥' ~ 9") *^^ 

radius >y/ ^-j — •=* C. 

We suppose A and -B real. Thus the circle has a real centre. 

A^ + ff^ 
The radius is real if — j (7 be positive* The radius, 

and therefore the circle, is imaginaiy if — j — »— C be negative. 



The real and imaginarj classes of circles are separated by the 

A^ + S^ 
case in which — (7 is zero, that is, by a circle with 

centre ( "" y » "" o") ^^^ radius indefinitely small, or, the 'point- 
circle' (--,-!)• 

82. This point-cirde itf alse the tw6 imaginary straight lines 

So a?'+y' = is both the point-circle (0, 0) and the two 
imaginary straight lines ar+yV— 1^=0, a?— y V^^ = 0. 

I 

Taw^ente anc? Normals. 

83, A tangent to a curve may be thus defined : 

Let two points h\ taken on a curve, and a secant (or chord) 
drawn through them • let one point remain fixed and let the other 
move up to it along the curve. Then the limiting position of 
the secant is the tangent to the curve at the fixed point. 

According to Euclid a straight line touches a circle when it 
meets the circle in one point only. As far as the circle is con- 
cerned, our definition agrees with his ; but if we are to speak of 
curves in general, Euclid'* definition must be enlarged. 
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Take ft curro with a Iwp, for inststioe. A line AB may 
touch the loop and cut the curve elsewhere. 




It is also necessary that one of the points spok^i of in our 
definition hefosed. It would not do to say 'let the two points 
move along the curve up to some third point ; then the limiting 
position of the chord will be the tangent to the curve at the third 
point' For if i? be a double point and JBP, BQ the two curve 
lines which cross at B^ the chord FQ, when P and Q have 
moved up to JJ and there coincided, is not necessarily a tangent : 
indeed its direction is not determined. But if the chords BP, 
BQ \>Q drawn and PQ move up to By BPy BQ are ultimately 
tangents at B. 

The normal at aay point of a curve is a straight line drawn 
through the point perpendicular to the tangent to the curve at the 
point 

A tangent to a curve at any point may be called the directum 
of the curve at the point, and thus the normal at the point is a 
perpendicular to the direction of the curve at the point 

84. To find the eqiuitions to the tangent and normal at any 
point -siyjofthe circle x* + y' *= c*. 

L^ x^y^ be aaotb^ pcrint oa the curve. The equation to 
ihe chord joining xj/^ and x^^ is 



■yi_. 



•x^ 



y»-yi 



.(iX 
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Now x^+y^=^<fy and a5j' + y/ = c', because the two points 
are on the carve, so that the coordinates of each of them satisfy 
the equation to the curve. Therefore 

Therefore . ^^lZE^^^"^^ (2). 

Thus (1) becomes 

Let JTjy, move up to x^y^. Then ultimately aj^ = a?j and 
Thus (3) becomes 

or yyi + a»?j = a?j*+yi*, 

or a»i+yyi = c* *.* »...*(4)* 

This is the equation to the tangent at x^y^. 

The equation to a perpendicular line must be of the form 

^ -^ ^ = a constant (Art 45). 

The normal is that perpendicular which passes through ^Cjyi; 
and therefore its equation is 



X _ 


.y... 


= ^- 


-^s 


»! 


Vi 


as, 


y.' 




X 


= y. 


, ,,,, ,,,, 







or - = ^ (5). 

Of course equation (5) could have been inferred at once from 
what Euclid has taught us about the circle, and (4) could have 
been deduced from (5) just as we have deduced (5) from (4). 
But we have preferred to illustrate our definition of a tangent 
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85. From any external point there can he drawn two tangents 
to a circle. 

Let the centre of tHe circle be made the origin, and let c be 
the radius. The equation is 

aj* + y« = c». 

Let hk be the external point, and x'y a point on the circle 
such that the tangent there drawn passes through hh 

The equation to the tangent is 

xx+yy* ^1(?,\ 

and since this is satisfied by A, k, 

x'h-^y'k^<? (1); 

also, since xy is on the circle, 

x-^+y'^^i? ....(2). 

From (1) and (2) we can find x' and y\ The equation for x* 

a;'^(A» + A:«) - 2c»Aa:' + c» (c'- A:) = 0, 

of which both roots are real, as the reader will find afiter a short 
algebraical process, since h' + i?> <?. 

To each value of x* corresponds a value of y\ determined 
from (1). Thus there are two points of contact such that the 
tangents there drawn pass through the given external point. 

86. The line joining the two points is called the chord of 
contact 

Suppose We want the equation to the chord of contact cor- 
responding to the point (A, h). Let xjf^^ xjf^ be the two points 
of contact. Then xji -^-yjc = <? (1), and xji -i-yjc = <? (2), be- 
cause the tangents at x^y^ and xj/^ pass through hk. Therefore 
ajj^j and x^y^ each lie on the straight line xh-^-yk^^^ <? (3) . (Equa- 
tions (1) and (2) only assert this fact in algebraic language.) 
Therefore (3) is the equation to the chord of contact. 

T. G. 6 
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87. When hk is on the circle, the equation xh+yh = (? 
represents the tangent at hk. The chord of contact belonging to 
hk has. in fact, become this tangent. But when hk has passed 
within the circle the tangents are no longer real; nevertheless the 
line xh + yk^ & is real, that is, the chord of contact is real and 
can be drawn. In Art 60, we saw that imaginary lines may 
contain real points. It is also true that real lines may contain 
imaginary points. Thus the line 2a; = 3y contains the point 
(3^—1, 2^ — 1), and, in short, an infinite number of ima- 
ginary points. When hk is within the circle the chord of con- 
tact passes through two imaginary points of contact, the points 
where the chord meets the circle. 

88. But we can assign another meaning to the equation 
xh^yk^ c' which will not involve mystery. 

Through A, k draw any real chord and draw tangents at its 
extremities. Let these tangents meet in x^y^y then the equation 
to the chord, by Art. 86, is ocx^ +yyi = c^- But this line passes 
through hky and therefore x^ + yjc = c". This last equation states 
that xjf^ lies on the straight line xh-\-yk=^ c*. Hence, if through 
any fixed point hk chords be drawn to a circle (a?+y* = c') and 
tangents be drawn at the extremities of the chord, the locus of 
their intersection is a straight line {xh -f yi = c"). 

89. Conversely, if from any point {xy') in a straight line 
{Ax-^-By^- (7=0) tangents be drawn to a circle (iB' + y* = c*), 
the chord of contact will pass through a fixed point. 

For the chord of contact for a!y' is onx -f yy = c*, and since 
Ax* + By + 0=0, this may be written 

a form which proves that the chord of contact passes through the 
intersection of the fixed lines 

Thus the co-ordinates of the fixed point are 
Ac* Be* 
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90. Any equatioa Ax + By+ (7=0 can be written in the 
form a;A+yA; = c", 

the h and k being — j?p, — ^ . Thus to every point Kk there 

corresponds a line asi+yA; = c', and to eveiy line Ax + By+ C 

A& Be* 

there corresponds a point jf , — -^T • 

The line is the locus of the intersection of tangents at the 
ends of any chord through the point, and, when the point is 
outside the circle, the line is also a real chord of contact cor- 
responding to the point. 

The point is called the Pole of the line, and the line the 
Polar of the point. We do not here define the terms Pole and 
Polar ^ but introduce them for convenience. 

91. Let the point ^, h be in the axis of x ; then X; = 0, and 
the equation to the polar is xh = <?. Thus the intercept on the 

axis of y is ^ • We now have a convenient geometrical con- 
struction for drawing the polar of a given point 





Let be the centre of the circle, P the given point. Join 
OP, and in OP^ produced if necessary, take Q such that OP. OQ 

6—2 
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ss (raclius)^ Through Q draw a line QR at right angles to OP. 
QR is the polar of P. 

In like manner, if we wish to find the pole of a line QR, we 
draw OQ at right angles to QR, and in Q, produced if necessary, 
take P so that OQ.OP^ (radius)'; then Pis the pole of QR. 

If Pfi^be perpendicular to OP, P8 is the polar of Q. We 
thus see that if one point P lie on the polar of Q, then Q lies on 
the polar of P. 

92. This also appears from the equations. For let a;'+y'=c* 
be the circle, hh the point P, and h'k' the point Q. The polars 
of P and Q^rtxh+yk — c*, xV -^yk = c*. If P be on the polar 
of Q, M'+M' = c',, which equation states that Q lies on the 
polar of P. 

Polar Ckhordinates. 

93, To find the polar equation to the circle. 




X 

Let a, a be the polar co-ordinates of the centre (7, r, those 
of any point P on the curve, c the radius ; then 

CP^ 0(7+ 0P'-20C. OPcosPOO, 

i.e. c' = a' + r'*— 2ar cos (^ — a) (i). 

This is the polar equation to the circle. 

If C?Xpass through C^, a= 0, and the equation is 

c" = a^ + r'-2arcos^ (2), 
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Jo 

0\^ ^x^ X 

If be on the circumference, then a = c, and (1) becomes 

r = 2ccos(d-a) (3), 

which is geometricallj deducible from the right-angled triangle 

poq. 

If be on the circumference and OX a diameter, then a =iH), 
and (3) becomes 

r = 2ccos^ (4), 

If be on the circle and OX a tangent, a = -^ , and (3) 

I 
becomes 

r = 2csin^ -.(5). 

If be the centre, a = 0, and (1) becomes 

r^ssc'or r = c (6). 

Equations (4), (5), (6) can of course be obtained independ- 
ently, by geometry. 

The polar equation to the circle can always be put in the 
form 

r' + u4rcos54-5!r8in^+ (7=0. 

94. As an example of Polar Co-ordinates applied to the 
circle, let us take Euclid, iii. 35, 36. 

Corresponding to any value of in equation (1) of the last 
article there are two values of r, whose product is a^ — t^, a 
constant. 

If be without the circle the product of the two values of r 
is positive. If be within the circle the product is negative, 
since a* < c", and in this case the values of r have opposite signs. 
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Examples on Chapteb VI. 

1. Find the centre and radios of the circle 

2. Find the equation to the circle described on the line 
joining xj/^ and xjf^ as diameter. 

3. Prove that the equation 

Q? + 1^ + 2xy QOB (o -^ Ax-\- By -{• (7=0, 
if the axes be inclined at an angle ii», represents a circle. 

4. What must be the inclination of the axes in order that 

a?" + y ' - 2xy cos a -f u^a? + J5y + C7 = 
inay represent a circle? 

5. What in order that 

a? + j/^ + xy=^hc-\-hf 
may represent a circle? Determine the centre and radius. 

6. Find the intercepts which the circle in (3) makes on the 
co-ordinate axes, and shew that if the circle touches the axis 
ofaj, -4'=4a 

7. If from, or through, any point chords AB^ CD be drawn 
to a circle, the rectangle OA . OB = the rectangle OG. 0D...{(o). 

8. Find the relation between A, By and C in order that the 
circlejn (3) may touch both axes ; and prove that two tangents 
drawn to a circle from any external point are of equal length. 

9. The equation to the tangent to the curve 

at thejpoint xy* is 

(a!-o) (a/-o) + (y-fr) (y'- J) «c*. 
Find also the equation to the normaL 
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10. Prove that Euclid, iii. 32, is a particular, case of an 
earlier and more general proposition in the same Book. 

11. If a, a' be vectorial angles of two points on the circle 
a^ + y* = c*, the equation to the chord joining the points is 

X cos — - — h y sm — - — = c cos . 

12. Hence find the equation to the tangent at the point a. 

13. Apply Art. 46 to find the condition that the line 

may touch the circle 

14. Does the line 2a; + 3y = touch the circle 

15. Prove that two tangents can be drawn to a circle in 
a given direction, and that the tangents to a?-¥y^=^c?'ui direction 
y = wajare 

y = mx ± c y^ + w^ 

16. The angle in a semicircle is a right angle. 

17. From an external point tangents are drawn, to the 
circle a?" + y" = 2ax. Find the equation to the chord of contact. 

18. Find the equation to the tangent to the circle 

ot^ + J^ + 2a?y cos 6) = c^ 
at the point x'y. 

19. A point moves so that the sum of the squares of its 
distances from the sides of a square is constant. Find the locus 
of this point. Shew that the position of the locus does not 
depend on the magnitude of the constant sum. 

20. A and B are given points, and AP : BP is a constant 
ratio. Prove that the locus of P is a circle. 
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Also, given that the locus of Pis a circle, find geometrically 
the circlets position and magnitude. 

21. A point moves so that the sum of the squares of its 
distances from any number of given points is constant. Prove 
that the locus of this point is a circle. 

22. Find the centre of this circle in the case of two given 
points. Prove that, if there h^four given points Ay By 0, D^ the 
centre is at the middle point' of the line joining the middle points 
of the diagonals of the quadrilateral ABGD. 

23. Find the polar of the point (1, — 2) with respect to the 
circle a?+j^==d, and the pole of the straight line x + y = l with 
respect to the same circle. 

24. Apply Art, 91 to shew that the polar of the point x'y 
with respect to the circle (aJ — a)" + (y ^ hy = c* is 

(ir-a)(«?'-a) + (y-J)(y'-5)=cl 

25. Find the polar equation to the tangent to the circle 
r » a at the point a. 

26. Through a fixed point chords are drawn to a circle. 
Prove that the locus of their middle points is a circle, and find 
the position and magnitude of this circle. 

27. Through a fixed point is drawn a chord OPQ to a 
circle, and in PQ is taken iJ, so that OP, OJJ, (?Q are in Har- 
monic Progression. Shew that the locus of jB i& a straight 
line, 

28. Also, assuming that the locus of JJ is a straight line, 
prove that if be without the circle the locus is the chord of 
contact corresponding to 0. 

29. In the radius vector OP of a circle P' is taken so that 
OP* : OP is a constant ratio. Find the locus of P', and prove 
by Art. 83 that the tangents to the given circle from are also 
tangents to this locus. 
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30. If P* be so taken that the rectangle OP . OP' is constant, 
what will be the locus of P'? Examine the case in which 
lies on the given circle. 

31. In OP the radius vector of a straight line is taken P' 
so that OP. OP is constant Find the locus of P\ 

32. Shew that the equation to a circle referred to two 
tangents of length c, and inclined at an angle cd, is 

(ic* + y - c)" = 4ajy sin' ^ . (See Ex. 8.) 

33. Apply Ex. 32 to prove that if 2!4, TB be two tangents 
to a circle, and P any point on the circle, the perpendicular from 
P on AB is a geometric mean between the perpendiculars from 
PonTA.TB. 



CHAPTER VII. 



THE CIRCLE {continued). 



95. Let S denote a?-\-j^-\-Ax + By+ C; then 5= is the 
quation to a circle whose centre is ( •" 5" > "" •ft] *^^ radius 



y 



-— (7. Call the co-ordinates a, 5, and the radins c; 

4 

then 8 denotes (a? -- aY +{y- J)' - c\ 

So long as the /S of a point is positive the point is without 
the circle; when the 8 o{ the point vanishes the point is on the 
circle; when the 5 of a point is negative, the point is within the 
circle. /8^= a constant is the equation to a concentric circle. 
The 8 of any point (as is evident from Euclid, i. 47) is the 
square of the tangent from that point to the circle, or the rect- 
angle under the segments of any chord through that point. The 
tangent is impossible and the rectangle is negative when the 
point is within the circle. 

96. Let 8' denote 

a^+y^ + A'x+ffy or (aj - a')' + (y - J')' - c", 

then 8—8'^0 is a linear equation; also any values of x and y 
which make both 8 and 8* vanish make 8—8' vanish. Thus 
8—S' = is the equation to the common chord of the circles 
8, 8\ The unabridged form is 

(a'-a)a? + (J'-J)y+a"-a'+J"-J» = c'»-c». 
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Thus the common chord is perpendicular to the line 

that is, to the line joining the centres. 

97. The two circles may not intersect, the reader may say. 
Still their imaginary points of intersection lie on a real common 
chord. In fact, if a line and circle be drawn in one plane, the 
line always intersects the circle in two points, real, coincident, 
or imaginary. Two curves of the m^ and w* degrees, drawn in 
the same plane, intersect in mn points, of which, if mn be even, 
all may be imaginary. Two circles intersect in 4 points, of 
which two may be real. 

98. The radical axis of two circles is their common chord. 
It is the locus of points from which the tangents to the circles 
are equal, and (as the reader can prove by a figure) divides the 
line of centres ao that the diflference of the squares of the seg- 
ments equals the diflbience of the squares of the radii. 

99. The equation S—\i^^O represents a circle passing 
through the intersection of 8 and 8*1 hj giving a proper value 
to X, we can thus represent any circle passing through those 
intersections. For let 8^, 8^' be values of 8 and ff for any 

a 

point a?j y^, then if the circle 8 — \8' passes through x^y^, X = ^. 

or 

Thxxa 8—-^,. 8'=^0 is a circle passing through the common 

points of 8 and 8' and an arbitrary point x^y^. And by vary- 
ing xj/^ we can represent any circle passing through the other 
two points. 



100. We shall now give another method of finding the 
equation to a tangent to a circle at a given point. 
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Let xjif^ be the point, and 

iB' + y* + 2arycosi» + -4a: + -By+ C=0 (1) 

the circle. 

Transfer the origin to xj/^ ; then the new equation is 
(» + a?J'+(y+yi)" + 2(a? + ajJ (y+yjcos© 

or, since xji/^ is on the curve, 
aj" + y"4- 2iry cos 6) + 2 fa?^ +yi COS© 4- —J a? 

+ 2^y, + a?jcosco + ^y = (2). 

In polar co-ordinates this is 

/(? + w" + 2fo*coSfi)) + 2r I Z(ajj+y,cos « + -- j 

+ w(yj + a?jCOSi*)+D|==0 (3). 

If we wish to know the length of a radius vector drawn in 
any given direction, we must substitute the corresponding given 
values of Z, m in (3). We have then a quadratic in r, one root of 
which is always zero whatever I and m may be. But the other 
value will also be zero if we take I and m such that 

2Z [x^ + y^ cos 0) 4-— J + 2w ry^ + a^ cos o) + ^ = (4). 

Thus (4) is the polar equation to the tangent at the origin. 
The corresponding equation in Cartesians is 

2a? [x^ + yj cos « ^--^ j + 2y Uj + aj^ cos « + ^ == ...(5), 
{which equates to zero the terms of lowest dimensiona in (3)). 

We return to the old origin by writing x^x^^ V^Vi for 
X and y in (5). 
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The result is 

2a? faJj + yiCOS © + — j + 2y (y^ + x^ cos © + ^ 

= 2(a-,' + y,* + 2aj,y,cosa) + -a;,+ -y,j 

^{Ax, + By,^2C)^^{Ax,+By, + 2C), 
or 

2 {axt^ +yyi) +2 cos© (ajy^ +yrrj) 

+ ^(a? + a:J+5(y + yJ = (6). 

If we change aj^, y^ to a?, y, and a;, y to ar^, y^, this equation is 
unaltered. Of course this symmetry exists also in the less 
general cases. 

The clause in italics points to the following principle : 

Whenever the equation to a curve is rational and integral^ and 
the curve parses through the origin, the equation to the tangent 
lines at the origin is found by equating to zero the terms of lowest 
dimensions in the equation to the curve. 

Ex. a? + t^=i2cy. Here y = Ois the tangent line at the 
origin. 

Suppose we want to find the equation to the tangent to the 
circle a?" + 1/* = 2cy at the point Xjff^. Transfer the origin, and 
the equation becomes 

a?" + / + 2a;a;j + 2yyj = 2cy. 

The tangent at the new origin is xx^ +yyi = cy. 

Transfer back, and the equation required is 

(aj-ajjaj, + (y-y,)yj = c(y-y,), 
or xx^+yy^==c{y + y,), or x^ + y^-cy^^cy^. 
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If tangents be drawn to the circle (1) from an external point 
iP^j, then (6) will be the equation to the chord of contact, (We 
leave the proof to the reader.) Thus (6) is the equation to the 
jpolar of x^y^ with regard to the circle (1). 



Fohs and Polctrs, 

101. The intersection of two lines is the pole of the line 
fchich Joins the poles of the lines. 

Let -4, B be the two lines, and let A\ B be their poles. Let 
iAB) denote the intersection of A and B. 




Then the line A passes through the point [AB) ; therefore the 
point A' lies on the polar of {AB). Similarly the point B lies on 
the polar of {AB) ; therefore A'B is the polar of AB. 

If a line A pass through a fixed point P^ its pole A' lies 
on a fixed line P; and if a point A' lie on a fixed line P, its polar 
passes through a fixed point P. If any number of lines meet 
in a point their poles are in a straight line, and vice versd. 

The equation OQ . 0P= c^ in Art. 91, shews that as P moves 
towards 0, the polar of P recedes from 0. When OP=0^ 
OQ^ CO. Thus the centre of the circle is the pole of the line at^ 
infinity. 

The reader will easily prove, by taking the simple form 
aJ*+y* = c', that the perpendicular from a point P on the polar 
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of a point Q is to the perpendicular from Q on the polar of JP 
as the perpendicular from the centre on the polar of Q is to the 
perpendicular from the centre on the polar of P. Let P{Q) 
denote the first of these lines ; then we may thus state the pro- 
position: 

P{Q)_C{Q) 
Q{P)-CiF)' 

102. Centres of SimiUtvde, 




Let -4, B te centres of two circles of which the radii are 
a, J, a being greater than I. Divide AB internally and ex- 
ternally at 8y 8 in the ratio a : b; then 8, 8 are the internal 
and external Centres of 8imiUtude of the two circles, and the 
two external common tangents meet in 8y and the two internal 
common tangents (which may be imaginary) in 8\ Also if 
8PQRT be any line drawn through 8 cutting the circles, the 
radii AR, BP are parallel, as also the radii A T, BQ. Thus 
8P : 8R = 8Q : 8T=h : a, a constant ratio for all such lines 
through 8, Thus the circle A could be obtained from the circle 
B by producing each radius vector 8P {8 being considered 
a pole) of the circle J5 to a point R such that 8R : /SP= a : h 
Had there been any curve whatsoever in the stead of B such a 
construction would have given a similar curve, similarly placed 
(and magnified in linear dimensions in the ratio a : J). The 
term * centre of similitude ' is thus illustrated. 

Again, the rectangles 8Q . 8B, 8P. 8T are equal and con- 
stant, being to the rectangle SP.SQsisaib. Thus, if 8P Q'E T 
be another line through 8, the points Qy Q\ i?, R lie in a circle, 
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and m do the poipts P, P', T, T. If QQ\ RE meet m Z, 

ZQ.ZQ'^ZR.ZR' (Euclid, iii. 36): therefore Z lies on the 

radical axis of the circles -4, B. Similarly TT^ PF intersect 
on the radical axis. 

Let there be a third circle with centre C drawn. There are 
now six centres of similitude, and it readily follows from the 
geometry of the triangle ABC that these centres of similitude 
lie three and three in four straight lines. These lines are called 
aoces of similitude. 



Examples on Chapter VII. 

1. Is the origin within or without the circle 

2. Prove, by any means, that the circles 
touch one another if 

3. Find the condition that the circles 

aix^'{-f) + Ax + B^ + G, a! {it' + y^) + A'x + By+G', 
may touch one another. 

4. ABC is a triangle, and AB, AG are taken for axes. 
Find the equation to the circumscribing circle, and the equations 
to the tangents at A, 5, G. Prove that the tangent at an 
angular point A makes angles P, G with AG, AB. 

5. A circle circumscribes the triangle whose vertices are 
^iVii ^sJaj ^8^8* ^^^ its equation. 
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6. Find the equation to the polar of the origin with regard 
to the circle a?-\'y^ ■\' Ax-\'By-\- C. 

7. Find the equations to tangents to the following curve 
at the point x'y: 

(1) ay = ;x?, (2) a'y=^x\ 

(3) f=8in?. (4) a;« + y* = al 

8. ABC, ahc are two triangles such that A^ B, are poles 
of be, ca, ah. Prove that a, J, c are poles of BGy OA, AB. 

Such triangles are called copolar triangles. 

9. If ABO, ahc be copolar triangles, then Aa, Bb, Oc meet 
in a point, and the intersections of BC, be; GA, ca; AB, ah 
lie in one straight line* 

10. Hence prove that the lines joining the angular points 
of a triangle to the points of contact of the inscribed circle meet 
in a point* 

11. What are the conditions necessary in order that the 
general equation 

aa;V&/ + c + 2aV +2&'aj + 2c'ajy = 0, 

may represent a circle? (co). 

12. If four fixed points be taken on a circle and joined to 
any fifth on the circle, the pencil formed will have a constant 
anharmonic ratio* (Euclid, III. 21.) 

13. Find the ratios in which the line joining the points xy^ 
x'y is cut by the circle a? + y^ = c*, and hence find the equation 
to the tangent at a point on the circle and the equation to two 
tangents from an external point. 

T. G. 7 
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14. In the fig. of Art 77, let -4, 5, (7, jD lie in a circle, and 
let LA^ LB be axes ; let LA = a, LB =^by LC^c^ LB = d, and 
the angle ALB = to. Then prove that the equation to the circle 
is 

^, + |, + 2a^ cos 0,-0. (l+^)-y(l + l) + l = 0, 

and prove that of the points i, N^ B each is the polar of the 
line joining the other two. (Ex. 29, Chap, vi.) 



CHAPTER VIII. 



THE PARABOLA. 



103. A conic section is the locus of a point which moves 
so that its distance from a fixed point bears a constant ratio to 
its distance from a fixed straight line. The conic section is a 
parabola^ an ellipse, or a hyperbola, according as this constant 
ratio is equal to, less than, or greater than unity. The fixed 
point is called the foctis, the fixed line the directrix, knd the 
constant ratio the eccentricity. 

The propriety of the term * conic section ' rests on this, that 
if a right circular cone be cut by a plane, the section will be one 
of these aforesaid curves. 

A curve whose equation is of the n^ degree is called a curve 
of the n*** degree. 

All conic sections are of the second degree. For let ocy be any 
point on the conic, and let ^ be the focus, and Ax + jBy + C= 
the directrix; also let e : 1 be the given ratio or eccentricity. 
Then xys distance from^ is e times xy\ distance from 

Ax + By + C: that is, 



or 



(.-/).+ (,.,).=«.. (4!+^^. 



This is the equation to the conic section, and it is rational, inte* 
gral, and of the second degree. With oblique axes the equation 
would still be rational, integral, and of the second degree. Thus 
all conic sections are curves of the second degree. 

7—2 
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It will be proved hereafter that all curves of the second de- 
gree are conic sections, 

104. To find the equation to the parabola in a simple form 
we may proceed thus. 

Let 8 be the focus, and 80 the perpendicular from 8 on the 
directrix YY\ Take 08, Y for axes of x and y. Let 08= 2a, 

Y 




and let x, y be co-ordinates P^, PM of any point P on the 
curve. Then 

P8=PN] .-. FS'^PiPy 

PM^+8M'=0M% 

2/» = 4a(aj-a) (1). 

This is the equation to the curve. 

Put y =0 in (1) ; then a; = a, that is, if -4 be the point where 
the curve meets the axis of x, OA = A8^a. 



or, 
or, 
or. 
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The point A is called the vertex of the curve and the line Ax 
the aans of the curve. 

If we transfer the origin to the point A without altering the 
direction of the axes, equation (1) becomes 

y' = 4aa: (2), 

and this is the form we shall chiefly use. 

105. The curve y^ = 4aa? passes through the origin and the 
line a; = is the tangent at the origin. (Art. 100.) 

For every positive value of x there are two values of y, 
equal in magnitude and of opposite sign : thus the curve is 
symmetrical with respect to the axis of x. Also if x be nega- 
tive, y is impossible. Thus the curve lies wholly on the Ox 
side of the axis oiy. 

If a? be infinitely great, so is y. Thus the curve is of in- 
finite size. 

106. To find the equation to the tangent at the point is!y\ 
The equation to the chord joining ajy' and x"y" is, — since 

y'" -^ 4tax = = y"« - iax", 

.1, X «?"-«' y"-.y' 

BO that ., , , =^— -^ ,— 

x—x' ^ y-^y 
y'+y'" 4a ' 

When aj'y moves up to, and coincides with, xy\ the chord 
becomes the tangent at ajy, and its equation, since ultimately 

y"=y, is 

^7^"S^' oryy'==2aaj + y'»-2aa:', 

or yy' ^ 2a {x -\- x') (1), 

since y'^ = 4aa?'. 

Of course this equation can be obtained by the method of 
Art. 100. 
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The normal at a?Y is perpendicular to the line 

Its equation is therefore of the form 2ay+yx = a constant. 

But the normal also passes through xy ; therefore the con- 
stant is 2ay* + y'x\ 

Therefore the equation to the normal at x*y* is 

2ay + y'aj = y (2a + a?') (2). 

107. The equation yy* = 2a (a; + a?'), since a;' = j-, may be 
written 

y — —7^ + ~-9 or, if -7 be denoted by «i, 
^ y 2a' ' y' ^ ' 

y=«^+^ * ^^^' 

Here m is the tangent of the angle which the line makes with 
the axis of x. 

Conversely any line whose equation is of the form 
y = x tan ^ + a cot ^, 

touches the parabola y^ = 4aaj, viz. at the point y = 2a cot 0^ 

x^a cot' 0. 

Equation (2) of the preceding article can likewise be ex- 
pressed in terms of the inclination of the normal to the axis 

of X. For let that inclination be tan"* w, or, let m = — |^ , then 

a?' = ^ = am", and the equation becomes 

y = maj — 2aw — aw' (2). 

108. Let PT, PO be tangent and normal at the point 
P{x'y')^ and let PM be perpendicular to the axis of the curve. 
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In the equation yy' = 2a (a? + a?'), i. e. in the equation to PT, 
puty = 0, then 




Again, BP = AM->f AB (by definition) = a?' + a ; 
.-. since ^Jf + ^/8^=^r+^/», BP=BT. 

Thus the triangle BTP is isosceles, and H PX' be parallel to 
the axis of the curve, BP^ PX' are equally inclined to the tan- 
gent at P. 

Again, in the equation to PG^ or 

2ay + y'aj = y (2a + a?'), puty=:0; 

then aj = 2a + x. Thus MG = 2a. 

The double ordinate through the focus of a conic section is 
called the latus rectum. In y* = 4aaj if we put a: = a we get 
y = ± 2a. Thus the ktus rectum of this curve is in length 4a, 
and MG is half the latus rectum. 



Also 



8G=-2a + x'^BA=^a + x':=BP^BT. 



The reader can easily show by geometry that if Z be the point 
where the tangent meets the axis of F, BZ is at right angles to 
the tangent. But we shall also prove this analytically. 
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1Q9. To find the hem of the intersection of the tangent with 
the perpendicular drawn to the tangent from thefocas. 

Let y = mx H — (1) be any tangent. The equation to the 

line through 8 (that is, the point a; = a, y = 0), perpendicular 
thereto, is my +x=a (2). 

Combining (1) and (2) we get the co-ordinates of Z, the foot 
of the perpendicular. If ocy be this point Z, equations (1) and 
(2) state each a fact ab6ut xy ; and each fact depends on the in- 
dividuality of the tangent, for if we take another tangent we take 
another m, and other equations instead of (1) and (2). But if we 
eliminate m we deduce a fact about ocy which is quite independ- 
ent of the individual tangent, and is the equation to the locus 
of xy. 

Now from (1) my = m^x + «, and from (2) my = a — x. 

Therefore m*x + a = a'-x, or x{l+ m") =0, or a? = 0. 
Thus the a? of the foot of the perpendicular is always zero: 
therefore the locus is the tangent at the vertex of the parabola. 

110. Let igP= r, 8Z=p. Then 8Z bisects the angle TSP, 

cos ASZ= cos ZSP or - =^ , 
p r 



or 



p^ = ar. 



Of course this could be proved by Art. 46. 

111. The i^—Aqx of any point on the curve vanishes. 





1 




Q' 


ft 






^^^^ 


Q 




^ 


P 
Q 


1 


I A 


\ 3 


i K 



a point be within the curve, its y" — Aax is zero. For let QM 
be ordinate of such a point, and let QM meet the curve in P. 
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Then QM is less than PM, and tie points P, Q have the same 
x: thus the ^ — 4aa; of Q is less than that of P, i.e. less than* 
zero, and therefore negative. If the point be ontside, as Qf^ the 
y"— 4aa; is greater than that of P and therefore positive, At ^' 
X is negative and therefore y* — 4aa; is positive. Thus the point 
xy is within or without the curve according as y* — Aax is nega- 
tive or positive. 

112. From an external point two tangents can he dravm to a 
parabola. 

Let Ak be the external point, and let x^ be the point of 
contact of a tangent through hk. Then 

ky' = 2a {h + x') = 2a ^A + |-V 
a quadratic for finding y'. The roots are both real since k^-^i^ah 
is positive. To each y' corresponds a ^ , or, an x. 

The equation to the chord of contact is yk = 2a (a? + h). 
(Arts. 86 — 90, 92,* 100 may be slightly altered so as to suit the 
parabola.) 

113. A diameter of a curve is the locus of the middle points 
of a system of parallel chords. 

For example, in the circle a diameter is, according to this 
definition, a straight line drawn through the centre, and is per- 
pendicular to the direction of the chords. 

To find the diameter in the parabola y' =; 4ax to the chords 
dravm in direction [1, m]. 

Let — J — ^- — ^ = r be one of these chords, x'y* being 
its middle point. 

At the points where this intersects the curve we have 
a; = a;' + Zr, y^y -\' mr^ and ^ = 4aa?. 
Thus the equation for finding r is 

(y« + mr)'=4a(iB' + 7r), 
or wiV + 2r {my' - 2aQ + y" - 4aa5' = 0. 
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The values of r are equal and of opposite sign ; therefore 

my - 2aZ = 0. 
Thus the locus of ajy' is the straight line my = 2aZ. (See also 
Ex. 14.) Thus all diameters are parallel to the axis. The co- 
ordinates of the extremity of the diameter my = 2aZ are 

2aZ 2ar 



" m 



« = ■ 



m 



The reader can prove that ike tangent at this point is paraUd to 
the chords which the diameter bisects. 

114, To find the equation of the parabola referred to any 
diameter and the tangent at the extremity of that diameter, 

Y 




The equation to the parabola referred to the diameter and 
tangent at il is 

/ = 4aaj (1). 

We shall now change the axes to the diameter and tangent at 
the point P, whose co-ordinates are A, k. 

Let Q be any point on the curve, x, y its co-ordinates AN, QN 
referred to AX, A Y\ x*, y its co-ordinates PV, QV referred to 
AXf Ay. Let ^^meet Px in B, and let the angle yPic = «. 

Thenaj = ^i^=^J/+PF+ F^ = A + aj' + y cos©, 
y=:QN= PM+ QR=k+y sin o). 



THE PARABOLA, 107 

Thus (1) is transformed to 

(^ + ysina))' = 4o(A + a?' + ycoS6)) (2), 

PM k 
Now If = 4aA, and, as tan o) = j™ = ^ , the coeflScient of y* 

is zero. Thus (2) becomes 

y^'= . a X, or, accents suppressed, 

y = 4^a? .•.. (3). 

Also cosec*a)=l4-cot'a) = l+^a-= 1 +-= — (Art. 108). 

Thus (3) may be written 

f^^a'x , (4), 

if a' denote the focal distance of the new origin. 

115. We shall now indicate another method of obtaining 
this equation. 

The equation required must be of the second degree, and is 
therefore included in the form 

aaj'4-5y' + c+2ay + 2J'y + 2ca?y = (1). 

The origin being on the curve, c = 0. Also (Art 100) the 
terms of lowest dimensions vary as a?, because the axis of y is a 
tangent at the origin. Thus a = 0, and (1) is now reduced to 

aaj" + iy + 2J'a? + 2c'a:y = (2). 

For every positive value of x there are two values of y, equal 
in magnitude and of opposite sign : thus c' = 0. And for every 
value of y there is but one finite value of x : thus a = 0. 

The equation is now reduced to hy^ + 2 J'a? = 0, or 

— = a constant. 

X 
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Whai constant is known by calculating the — of the point A. 
This is found by Greometry to be ASP. 

116. The equation to the tangent at xy is now 

The tangents at {x'y), {x\—y) meet the axis of x in the 
same point, or, tangents at the extremities of any chord of a 
parabola meet in the diameter which bisects the chord. 

117. Polar Co-oedinates. (See figure to Art. 104.) To 
find the equation to the parabola^ the focus heing pole. 

lict 8Py the angle 08P, and the semilatus-rectum 08 be de- 
noted by r, 6y I, Then 

8P==PN=-OM=08+8M^08+8PcosP8M, 

or r = Z — r cos ft 

Thus the equation to the curve is 
I 



r 



= l + cos^ (1). 



K MSPhsd been the vectorial angle the equation would have 
been 

- = l-cos^ (2), 



Examples on Chapter VIII. 

1. Find the equation to the parabola whose focus is the 
origin and directrix the line a? + y = 1. 

2. Find the equations to the tangents and normals at the 
extremities of the latus-rectum of y' = 4aa?. 

3. The tangent at any point meets the directrix and latus- 
rectum produced in two points equidistant from the focus. 
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4. Trace the curves a?—^ayy ^4-4aa? = 0, and find the 
equation to their common chord. 

6. Find also the angles at which the curves intersect. 

6. Prove by means of the form y = mx + — that two tan- 
gents can be drawn to a parabola from an external point. 

7. If y = WjOJ, y = m^x be directions of tangents to y* = 4aaj 
from an external point xy\ then 

m + w, = ^, , and mjm^ = - . 

8. The directrix is the locus of points from which tangents 
can be drawn at right angles. 

9. The directrix is the polar of the focus, and the polar of 
any point on the directrix is at right angles to the line joining 
that point to the focus. 

10. What is the focal distance of the point (-2, 4) in the 
parabola ^ = x? Write down the equation to the normal at this 
point, and find its inclination to the axis. 

11. In the curve y' = — 3aj find the points at which the 
tangents are inclined at 30^ to the axis, and prove that the focal 
distance of each point is V3. 

12. From the vertex of y^ = 4aaj a perpendicular is drawn 

to the tangent. Prove that the locus of the foot has for its 

equation 

x{x^ + f}+ay'=^0. 

13. If the perpendicular be drawn to the normal, the 

locus is 

y^ {a?+y^'^2ax) ^aof. 

14. Find the ordinates of the points where y = ?na? + c 
meets the parabola, and prove that if m be given and c vary, the 
locus of the middle point of the chord is the straight line 

_ 2a 
^^ ~m' 
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15. Is the point (1,-3) within or without the parabola 
a?* + 2y=0? 

16- . Draw the curves {y - 3)' = 4'(aJ + 2), (y + 3)* = - 4(aj- 2). 

17. Find the equation to the parabola y*=3aj referred to 
the diameter and tangent at an extremity of the latus-rectum. 

18. Refer y' = 4aa? to the tangents at the extremities of the 
latus-rectum. 

19. If PT be the tangent at P and PM an ordinate to the 
diameter TM, TM is bisected by the curve. 

20. Give a geometrical construction for the polar of any 
point. 

21. Find the ratio in which the line joining xy and xy is 
divided by the curve y = 4aa?, and hence shew that the equation 
to the two tangents from xy is 

(y* - 4aa?) (y* - 4aaj') = {yyf - 2a (a? + x)]\ 

22. Find the polar equation to the parabola, the vertex 
being pole. 

23. From the vertex are drawn two chords -4P, AQ 2iX 
right angles. Find the least area of the triangle APQ. 

24. Find the polar equation to the parabola referred io an 
extremity of the latus-rectum as pole and the latus-rectum as 
initial line. 

25. The focus being origin, the equation to any tangent can 
be put in the form 

26. From no point can there be drawn more than three 
normals to a parabola. 

27. If the normals to y' = 4aa? at xjf^^ xj/^, xjf^ meet in a 
point, then ^j + y, + y^ = 0. 
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28. The lines from the vertex to the points of contact of 
tangents from (A, h) are represented by the equation 

Ay* = 205 ijcy — 2aaj). 

29. Determine the locus of the middle points of a focal 
chord. 

30. The semilatus-rectum is a harmonic mean between the 
segments of anj focal chord. 

31. A point moves so that its distance from one given line 
varies as the square of its distance from another given line. Prove 
that the locus of the poiut is a parabola having the first line for 
a tangent and the second for the corresponding diameter. 

32. A parabola has a given axis y — and passes through a 
given point (0, h). Prove that its equation is of the form 

and examine the case in which h is infinite. 
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118. From 8 the focus of any conic section draw 8E per- 
pendicular to the directrix JEN, and take ES, EN for axes of 
X and y. Let e be the eccentricity of the curve, and oj, y the 
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co-ordinates PNj PM of any point P on the curve. Also let 
E8=p (so that in the case of a parabola p is the semiiatus- 
rectum). Then 

8F = e.PN; or 8M'+MP'=:e\PN^; 

or (a?-/>r + y' = 6V (1). 

This is the equation to the conic section. 
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For every value given to aj in (1) there are two values of 
y, equal in magnitude, but contrary in sign. Thus, the curve 
is * symmetrical with respect to the line' HS^ 

119. The case in which 6=1 has been treated in the last 
chapter. We now take the case in which 6 < 1. The curve is. 
an ellipse. 

In the equation {x —pf + y" = eV (1) make y = ; then 
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That is, if -4, A' be the points where the curve meets .FiS> 






Also 



AA:= 



,_ 2gp 



l-< 



If be the middle point of AA\ 



and 



EO^l^EA^EA')^^^'^. 



T. G. 
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Also SC^^{8A'^8A)^^(e.EA'^e,JS;A)=e.Aa 

Thus CS. GE^ GA\ 

Again, in (1) make x-EG or ~^\ then y*=.^^ • 

That is, if 5, 5' be the points where the curve meets an ordinate 

through (7, 

GR^GB'^^AG*(X'-ey 

Again, let LL* be the double ordinate through S. Then 
LS = e . E8 ; that is, the semilatus rectum is 

120. In equation (1) of Art. 119, give y any value ER. Then 
the sum of the values RQj RQ oi x is, by the theory of quad- 
ratic equations, --^, • Thus \ {RQ + R(^ « EG, or the 

middle point F of any chord QQ' parallel to AA' lies in Eff* 

Thus the curve is symmetrical with respect to BB\ and if 
in EG produced we take S' and E' such that E'G=EG and 
ig'(7=5(7, and draw EN' parallel to EN meeting NF pro- 
duced in N\ and join S'P, then 8' and ^-A7' are a focus and 
directrix with which the curve could have been described, and 

8'F^e.PN\ 

The lines AA\ BB are called the axes of the curve; AA' 
the major or transverse axis, and BB the mtnor or conjugal 
axis. The point (7 is called the centre of the -curve, and A^ A' 
are called vertices of the curve. Every chord through G is 
bisected at G. This is clear from the double symmetry of the 
curve. 

Let A A « 2a, BE = 26, Then 

121. In the equation to the curve write x + ^ ^ for a?. ' 
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The axes of co-ordinates are now CA! and CB, and the equa- 
tion is 



or 



or 



a?(l-c')+y»=^ = o«(l-e'); 







This equation shows that the ellipse is bounded in 
every direction, for if a? exceed a', y' is negative, and if y' 
exceed 6', a? is negative. The same appears from the polar 

form 

1 _cos^ sin'g 
r«~ a' "*■ h^ ' 

122. Let PM be the y of any point xy on the curve. Then 
the equation 



asserts that 



P3f« J5(7» 



AM. AM'' AC* 
We may observe that 

8P^e.ME=^e{CE+GM) 

and « 8'P^e.ME'^e{GK'-GM)^a'-ex. 



8—2 
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The sum of tlie focal distances is the same for all points on 
the carve, namely 2a. 



^" m\ 



123. The equation 

suggests the Trigonometrical formula 

flin*^ + coB*^ = l. 



(1) 




On AA\ BB' describe circles {auxiltary circles they are 
called), and from F the point xy draw ordinates Pif, PN meet- 
ing these circles in J', p. 3om CP. Then CM^Cr cos FCA\ 
or a? = acosP'C4'. Let the angle PC A' be denoted by 0. 
Then a;s«acos^, and from (1) y^bAvafK 



Thus 



PM^ hAn4> ^h 
PM a sin ^ a * 



.At the point where CP meets the smaller circle 
y = J cos BCP = h sin ^. 
This point therefore lies in PN and is the point p. 



Thus 



Py_ acos^ g 

jpN "" & cos ^ "" 6 * 



The angle ^ is called the eccentrio angle of the point P, 
and CpP the eccentric radius vector of the point P. 
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124. If ay, aj'y be two points on the curve 

then ?L-J^+t^^o, 

x'-x"_ a* y'+y" 

Thns the equation to the chord joining the points is 
x—x' if—y' _A 

and the equation to the tangent at x't/, fonnd by making x" = x' 
and y'=y', is 

«' -^^f -1 (^)- 

This can of course be obtained by the method of Art 100.^ 

The normal is perpendicular to the tangent, and therefore its 
equation is of the form 

c^x Vy . . 

—, 7-= constant, 

X y* 

And as the normal contains oi'j/ the constant is 

<xi y 
or a* — V. Thus the normal's equation is 

$-9^ = a'-5' (2). 

X y 

See Examples 8, 9* 

125, The equation to the tangent can be expressed in terms 
of the tangent's inclination to the axis of x* For the equa- 
tion is 

Vx . 6* 
A 3^ 
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And if m denote - -^^ jso that ^*='^"(^ -f?) *^^ 

therefore -=, ^ aW + i' k this becomes 
y ) 

The sign is doubtful, because two tangents can be drawn in 
a given direction to an ellipse. (Compare Chap. yi. Ex. 15). 

Similarlj, the equation to the normal can be put in the 
form 

,,_^^, (a'-y)m 

126. In the equation -^ + ^ = 1 put y = 0. Then xx' =:a"; 

that is, if the tangent FT at P meet CA in T, and PM be 
P's ordinate, 




Similarly, if TP meet CB in f, and PN be perpendicular 
to CB, 

* CN.Ct = l\ 
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Let the nonnal meet the axes in G, CF. 
In the equation ^--4^=a'-&' make y = 0. Then 

aj=^^^a;' = eV, or CG^e\CM. 
a 

Makeaj = 0. Then-y=^^y', or GG'^^.~.CK 

Also 8G^a^ + e*x^e.8P, 

and S'F^ae-^x^e.S'P. 

Therefore (Euclid, Vi. 3) the normal bisects the angle between 
the focal distances. The tangent bisects the supplemental 
angle. 

127. To find the locus of the foot of the perpendicular from 
the focus on the tangent. 

If y-mx^Ja^m^+V • (0 

be any tangent, the perpendicular 8Z from 8\a ♦ 

my-\-x — ae (2). 

At the point Z, (1) and (2) are both true ; therefore at Z, 
{y^mxY+{my + xy=^aW+V + aV, 

or, i^ + lH (1+^') -^a'm'-^-a', .; 

Thus Z (and similarly Z') lies on the greater auxiliary 
circle. 

128. The equation to the tangent can be expressed in terms 
of the tangent's distance from the centre, and the inclination of 
this distance to the axis. For let 

a? cos a +y sin a— ^ = (1) 

be identical with , 

^+2^-l==0 (2). 

a 
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Then 



X 

a 



b 






acosa icosa p v^coFoHh&'li^a Va'cos'a + J"Bin*a * 

Thus ^ = Va'cos"a + J*sm'a, 

and (2) becomes a? cos a + y sin a = Va* cos* a + J* sin* ou 

129. An important result can be obtained by Art 128. 

Let Tbe the intersection of tangents TP, TF which cut at 
right ^gles^ 

T 




Draw the perpendiculars GQ^ CQ^ and let their inclinations 
to the axis be a, — + a. Then 

(7Q" = a' cos* a + i' sin* a, 

and CQ* = a* sin* a + J* cos' «• 

Therefore {7Q*+ C4'* or QT^^cf-^-V, a constant. 

Thus the locus of the intersection of tangents at right an- 
gles is a circle concentric with the ellipse,, and of radius 



This circle, by analogy with the directrix of. the parabola, 
is called the director-circle of the ellipse (see Chap. viii. 
Ex. 8). 
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a? V^ 
130. The -J + fa — 1 of any point is positive, zero, or nega- 
tive, according as the point is without, on, or within the ellipse. 

It may be shewn (compare. Art. 85) that fr6m any external 
point can be drawn two tangents. The chord of contact corre- 
sponding to aSy' is 



a« ^ 6» ~ ^• 



Arts. 87 — 90, 92, 100, 101 can be slightly modified so as to suit 
the ellipse. 

131. To find the diameter conjugate io chords in direction 

[1, m]. 

Let ^^Unl^r 

L m 

be the equations to one of the chords, xj/ being the middle point. 
At any point of the chord 

x = x' + lrf y=y' + 7nr; 
iond at the points where the chord and curve intersect 



i^'-i^h^ 



The values of r in this quadratic are equal and of opposite 
sign. Therefore 

a- ^ 6- "' 
Thus the locus of ajy' is the line 

!+?=» • (0 

which passes through the centre of the ellipse. 

By varying the ratio of I : m vre can make the coefficients 
in (1) have any ratio we please. Thus, every central chord is a 
diameter. 

It ?, wi be oxAj proportional to direction-cosines, equation (1) 
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is not altered. Let (J,\ ni) be in this general case the direction 
of the line (1). Then l\ m' are proportional to 

that is, S^'^T"" ^ ^* 

The symmetry of (2) proves that if a diameter in direction 
{l\ m') bisect the chords in direction (2, m), then the diameter 
in direction (Z, m) bisects the chords in direction {l\ m). Two 
such diameters are called conjugate. 

Any line parallel to one diameter is conjugate to any line 
parallel to the other. In short, the directions {I, m), (f, m') may 
be called conjugate, and (2) is the condition for this relation* 

The diameters y = mx, y = m'x are conjugate if 

V 
mm, = — — 5 . 

a 

132. From any point Q on the curve draw QP, QP' to the 
extremities of a diameter. These chords are called supplemental. 




The line from the centre to the middle point of QP bisects botli 
QP and P'P^ and is therefore parallel to QP'. Thus, supple- 
mental chords are aIso conjugate. 

133. The tangent at an extremity of a diameter, being an 
extreme chord of the conjugate system, is parallel to the conju- 
gate diameter. (See Art. 83.) Let PP'^ Dlf be conjugate 
diameters : then the tangents at P, P, I>, If form a parallelo- 
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gram circomscriblng the ellipse. The norm^ at P, P' are per- 
pendicular to D, I/. 

134. GUven x', y' the co-ordinates of an extremity of a dia* 
meter, to find x", y", those of an eoctremity of the conjugate dior 
meter. 

Since the lines — , = ^ , -^, = Ki are conjugate, by Art. 131 
^ y yi^ y J o 7 ^ 



Thaa 



a b V o' "^ y 
^ y' V5"' + F' 



-A.'^'y 



y 

or X =±-^, y =T— . 

Cor. The eccentric angles of the points xy\ a!'y" differ hj 
a right angle. 

135. The sum of the squares of two semi-conjugate diameters 
is constfmt, for 

136. Also the parallebgram in Art. 133 is of constant area. 
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For draw PF at right angles to DU. Then PF= the perpen- 
dicular from C on the tangent at P 

~ Va* cos* a + ft* sin' a, 

if a be the inclination to CA^ of this perpendicular (Art 128). 

Also, as - + a is I>'s vectorial angle, 

1 sin* a cos* a ,* . ^^^. 

Thus the area = 4PjP. CZ) = 4aJ. 

137. The diameters y =« ma?, y = — ma? are conjugate if 

tnm = — s • 
a* 

Let m, m' be numerically equal, then these conjugate dia- 
meters, being equally inclined to AA', are equal. And [since 

m is +-, they are the diagonals of the rectangle formed by 

tangents at A, A\ J9, B'. 

The length of an equi-conjugate radius vector is a/^^^ 
(Art.135)* 

138. Let 8P, CD meet in ^ (see fig. to Art. 126) ; PM, CD 
in ^; and let SZ^vr, 8'Z' ^w\ 8P=:r, SP=:r\ 

It can be shewn geometrically that 

ZTvr* = J* , , f\\ 

and that PE is equal and parallel to G2", and that therefore 

P^ = a (2), 

Then Bs the angles 8PZ, 8'PZ\ PFFsne equal, their sines 
are equal* Thus 

«r v/ PF h 

r=7 = -^=C5(^-136); 
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therefore as w' = J", 

tt'^OI^ (3), 

which therefore = a* — e"aj^, and 

tsr» = i*^, «r'«-i»- (4). 

Again, from the nature of the quadrilateral OFBM^ 
PF.Pa^PM.PR 
^CN.Ct 

= *" (5)- 

, Similarly PF.PCF^a^ (6). 

These results may also be obtained bj analysis. . 

139. To find the equation to the ellipse referred to two con^ 
Jugate diameters as co-ordinate axes. 

The equation may be arrived at by the formulae of trans- 
formation (see Chap. ui. Ex. 25). But we shall proceed other- 
wise. 

Let a', V be the lengths of CP, CD, the semi-conjugates which 
are to be the axes. Assume for the equation 

Aa? + By''{'O+2Dy + 2Ex + 2Fxy=^0 (1), 

(a legitimate assumption, by Art. 103). 

For each value of x between a and —a the two values of y 
are to be equal and of opposite sigh. Thus, for an infinite num- 
ber of values of x, 2D+2Fx vanishes. Therefore I>«0 and 
jP= 0. Similarly F^O. 

"We have now reduced (1) to 



^+4-1 • («)• 



or -^ 

"A ^ A 



MakeyxO; then a^, or a", "= — 3* 
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Make « = ; then ^, or 6'*, = - ^ • 
Thus the equation sought for is 

140. The equation to the tangent at oiy (or to the polar 
of xy') is now 

— +2^'-l . m 

a'- ^y'"-^ ^^^' 

and the directions (Zm), (Z'm') are conjugate if 

The reader will easily prove that tangents at the extremity 
of any chord meet in the conjugate diameter. 

141. To find the polar equation to the elUpaej the focus heing 
pole. 

In the figure of Art. 119 let >SP= r, and the angle A8P^ 6. 
Then 

SP^e.PN^e.EM^e{E8+8PconP8M), 

or r = cp — er cos ft 
. Thus the equation is 

, ^ = l + ccostf, 



r 

al 
or 



r 

OYf if I denote the semilatus-rectum, 

I 

- = 1 + c cos tf . 
r 

If had been the angle A'8Pf the equation would have 
been 

I 

- = 1 — e cos ft 
r 
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Examples on Chapter IX. 

N. B. When nothing is implied to the contraiy, it is to be 
understood that the equation to the ellipse is -^ +^ = 1. - 

1. Find the equation to the ellipse which has the point 
(1, — 2) for a focus, and the line 3a?— 7y = 2 for the correspond- 
ing directrix, the eccentricity being ^^ 

2. What is the eccentricity of the curve 

3. What are the eccentricities of the curves 

and what are the co-ordinates of their foci? 

4. The equation to the ellipse referred to its vertex A as 
origin is 

^^_2i» 

or h a 

5. Find the equations to the tangents at the extremities of 
the latera recta. Where do these tangents meet AA' ? 

6. Two pins are fixed in a table at a distance 2c apart, and 
over them is thrown an endless string of length 2 (a + c), which 
is kept tight by an upright pencil. ; Find in the simplest form 
the equation to the curve traced by the pencil on the table. 

7. Find the equations to the tangent and normal at any 
point of the curve in Ex. 4. 

8. Prove that the equation to the chord joining the points 
whose eccentric angles are ^, ^' is 

^ 0+0'.. y • 0+0' 0-0' 

- cos ^ ■ ^ + f sin ^~r^ ■= cos- ^ ; > 
a 2 b 2 2 
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9. Deduce equations to the tangent and normal at one of 
the points. 



10. Apply the form y = «mj + Ja^m^-^-V to find the locus 
of the intersections of tangents at right angles. 

11. Is the point (1, 2) within or without the curve 
2aj*+y" = l? 

12. Find the points of the ellipse 8a:* + 7^* = 3, where the 
tangents are equally inclined to the axes. 

13. Find the area of the triangle TGt (fig. to Art. 126), and 
prove that if P be an extremity of a latus rectum, 

LTGt : ASPS' :: 1 :-2e'(l-6*). 

14. A line of given length moves with its extremities on 
two fixed lines at right angles. Shew that the locus of any 
point in the line is an ellipse whose semi-axes are equal to the 
segments of the line. 



15. Assuming that the equation y = ma? + Ja^ nf + V repre- 
sents a tangent to the ellipse, prove that two tangents can be 
drawn &om an external point, and find the locus of the point 
when the tangents include a given angle. 

16. How many normals can be drawn to an ellipisie from a 
^ven point in the major axis? How many from a given point 
in the minor axis ? 

17. The line joining the centre to any point is conjugate to 
the polar of the point. 

18. If GPmeet the polar of Pin ^ and the curve in 5, 
thenCP.C7(2=aZ?. 

19. The directrix is the polar of the focus. 

20. A chord PQ parallel to AB meets the axes In Jf, N. 
Prove that PM^ QN. 
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21* In what positions of CP and jOD is the angle PCD a 
maximum or minimum ? 

22. In the ellipse (see fig to Art 126) GT . CM^ Clf, 

23. If JO, r be the central perpendicular and radius vector, 

24. Kjo, T be the focal perpendicular and radius vectoV, 

^_2a 
p r 

25. Prove that the lines CZ, CZ" are parallel to ffP, /SP, 
and find the locus of the intersection of the diagonals of the 
parallelogram formed by these four linea. 

26. The ellipse being referred to the equi-conjugate diame- 
ters, find the equation to the normal at any point. 

27. If ^Fbe the ordinate to any diameter PP, then 

QV _ Ciy 
PV.VP^OP'' 
and if the tangent at Q meet CP in T, then CV. OT^ CP". 

28. If a, /3 be the direction-angles of a central perpendicular 
p referred to two conjugates, 

JO* = a* cos* a + 6' cos" /3, 

29. The circles described on 8Py 8'P touch the Iwrger 
auxiliary circle. 

30. Find the co-ordinates of the middle point of the chord 
y =: mx + c, and if m be given find the locus of this point . (to). 

31. Find the locus of the intersection of tangents at Pan! 
D, and the locus of the middle point of PD. 

32. If CF, CZy be semi-conj agates, the triangles CPF, CDDf 
are equal. 

T. G. 9 
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S3. Find the condition that two pairs of conjugate diameters 
may form a harmonic pencil. 

34« Find the polar equation to the ellipse when the foot of 
the directrix is origin and the directrix the initial line. 

35. The length of the focal chord parallel to CP is . 

36. The sums of the squares of the reciprocals of central 
radii at right angles are constant. 

37. Find the equation to the common diameters of the 
. ellipse -3 + |i = 1 and the circle a^+y* = c'. 

38. Find also the equation to the common tangents and 
prove that, if c* = oJ, the common diameters bisect the common 
tangents. 

39. Find the angle of intersection of the curves in Ex. 37 
and the length of common tangent 

40. The points from which four normals can be drawn to 
an ellipse, two and two at right angles, lie in the equi-conjugate 
diameters. 

41. Find the locus of the middle points' of chords drawn 
through a fixed point. 

42. When is a curve symmetrical with respect to a given 
line? 

Prove that the curve V + y" = a* is symmetrical with respect 
to the line a: = y. 

43. An ellipse slides between two lines at right angles. 
Find the locus of the centre. 

44. Two ellipses equal in all respects have the same centre. 
Prove that their common tangents form a rectangle. 
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45. From the equation y^mx + ^aW-hh^ deduce the 
equation to the tangent to the parabola. 

46. Find the loci of the points E, F, B in the fig. to Art 
126. 

47. P is a point on the auxiliary circle, and P-4, PA! meet 
the ellipse in Q^ Q\ Prove that 

48. Given the foci, to what form does the ellipse approxi- 
mate as the eccentricity increases? 

49. Given the points A, -4', to what form does the ellipse 
approximate as the eccentricity diminishes ? 

50. The locus of the foot of the central perpendicular is 
the curve 

51. From a fixed point on an ellipse a chord is drawn, and 
a diameter is drawn parallel to the chord. Find the locus of 
the point where this ^ameter meets the tangent at the variable 
extremity of the chord. 

62. Find the condition that the line Ax -\-Bj/-h C may 
touch the ellipse (see Art. 128). 

53. Find the condition that the line joining the points 
xtfy x't/ may touch the ellipse, and hence prove that the equation 
to the two tangents from xi/ is 

54. A right-angled triangle having its right angle at a 
given point is inscribed in an ellipse. Prove that the hypothe- 
nuse meets the normal at the right angle in a fixed point 
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CHAPTER X. 



THE HYPERBOLA. 



142. We return to the equation 

{x-py + f^^^a?. (1) (Ajt.118), 
and now take the case in which e > 1. The curve is the hyper- 
bola. In (1) make y = 0: then a; = —^ or — ^. Thus 

^ ' ^ 6+1 6-1 




- P 



if ^, ^ be the points where the curve meets 118^ EA = -~-r 

6+ 1 
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and EA' ==^3^ > -4, A* lying on opposite sides of E. Also 

AA' = ^^ , and if (7 be the middle point of AA, AG^-^ 

and EG^i{EA' ••EA)^^^^l^ . 

Also 8C = ^{8A'h8A')=i{e.AE+e.AE')^e.AC. 
Thus C8.CE^CA\ 

Again, in (1) make a; = - EC or - -y^ : then v*= - -^^. 

e"-l ^ .« -1 

Thns the curve does not meet in real points an ordinate through 
C. But it is convenient, to take B and B in this ordinate such 

that (75 = OF = \/jzri = ^^ • V^-1 . The semi-latus rectum 
is ep or -4(7. (1 - e") or -j^ . 

143. For any value of y the semi-sum of the values of x is 

the constant — ,^ . Thus the line a?=s— ,^ , or -BjS' di- 

vides the curve symmetrically. In EC produced take E\ fi*, su^h 
that CE'^ GE and C8'= G8, and draw E'N parallel to GB. 
Then iS^ and E'N sue a focus and directrix by means of which 
the curve could have been described, and if P be any point on 
the curve and PNN' a parallel to A A' meethxg the directrices in 

8P==ePNmi8'P^eP2r. 

The lines AA\ BB are the transverse and conjugate ,axes 
of the curve. The points (7, -4, A' are the centre and vertices. 
Every chord through G is bisected at C. 

'LetAA'-=2ajBB = 2h. Then 
a« = 5»(e«-l), CS-^ae; GE^-, SL^^^aif?--!). 

C Or 
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144. Writihg x — o^ for x we obtain for the equation to 
the curve referred to the centre, 

- ?-^-i • «v 

When a?<a\t^ is negative. Thus the curve has no real 
point between the lines x^a^ x^ — a. When x is infinite, 
so is y. Thus the curve consists of two infinite branches. 

The polar form of (1) is 

1 cos'g sin'i? 

When tan*^ exceeds -5, ^ is negative. Thus the lines 



b b a? v^ 

tantf«3±-,or y=±-a:, or -j — ^==0, enclose the 



curve. 



These lines are the diagonals of the parallelogram formed hj 
drawing parallels to the axes through -4, A', B, B, They are 
oalled asymptotes of the curve. 



145. Iiet PM be the y of any point xy on the curve. Then 
the equation -.-f, = l asserts that^j^^^^^^^;^. 

Also 8P = e.M£:=e{CM'-CE)^€x^a, 

8T^ e.MW^e {CM+ CE') ^ex-^a. 

The difference of the focal distances of any point on the curve 
is the constant 2a. 

146. There is no restriction as to the relative magnitude of 
a and 6. For, as the curve can have any eccentricity from 

1 to X , 6* — 1 or -5 can have any positive value. 
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When 6=V2, a^h^ and the asymptoteB are at right angles. 
This hyperbola is called equilateral or rectangular » Its equation 




147. Let B, B be called /a&a vertices of the curve*. Then 
the hyperbola whose real vertices are -B, B and false vertices 
-4, A has the same asymptotes as the first hyperbola, for they 
are derived from the same rectangle. Each hyperbola has the 
real and false vertices of the other for its own false and real 
vertices. The curves are called conjugate hyperboles. 

Let P be any point on the new curve. Draw PM perpen- 
dicular to GB. Then 

GB' (Ll«'" 
That is, the equation to the new curve is 

and it is derived from the Equation 

by changing a\ V to - a", -b\ or by changing the 1 into - 1. 

♦ The *n« vertices on "Kie conjugate axea are imaginary, being the points 
(0, &V^)i (0,-&n/~1). 
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148. The equation to the tangent at xy is 

a* h^ "^ 

The equation to the normal is 

X y 
Other forms of (1) and (2) are 



y — mx ± Ja*m* — b* 



y^mx± 



{c?-\-'b*)m 



(2). 

(8). 
(4). 



All these results can be obtained from Arts, 124, 125 by 
writing — V for i*. 

149, As in Art. 126, 




CM.GT^cf, CN.Ct = b\ CG^e\CM, GQ'^^.CK 

Also 80 ^^x^ae^e. 8Py 

and S'G^^e^x-^^ae^e.ST. 

Therefore (Euclid vi.a) the normal bisects the external angle 
between the fopal distances. The tangent bisects the internal 
angle. 
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The locus of the foot of the perpendiculat jfrom this focus 
on the tangent is the circle described on AA' as diameter. 

150. Corresponding to the formula 

^" = a* cos* a + 5' sin' a 
of Art. 128 we have 

p^ = a* cos* a — V sin' a. 

The perpendicular vanishes, or the tangent passes through 

2 

the centre, when tan* « = ti • The equation to the tangent is 

b 
then y =» — cot a . 05 or y =■ q: - ,x. That is, the asymptotes are 

two tangents drawn from the centre. The chord of contact is 
the line at infinity, and the centre is the pole of the line 
at infinity. 

In the ellipse and hyperbola p is always finite. 

In the parabola the focal perpendicular is Var, and when r is 
infinite, so is Van Thus every- parabola touches the line at in^ 
finity. 

The radius of the director-circle is Va* - ft". The radius of 
the director-circle of the conjugate hyperbola is Vj' — a*. Of 
the two circles one is imaginary, except in the rectangular 
hyperbola, when both are reduced to a point-circle at G. The 
circle with centre G and radius '/cF^ is always the director* 
circle of one of the curves. 

151. If a point lie within (or on the concave side of) the 

a;' w* . . . 
curve, its -, — ^ — 1 is positive, for this is the case at a point 

within the ciirve on the axis of x. Similarlj the -5 — ^— 1 of 

any point outside (or on the convex side of ) the curve is 
negative. (Cf. Arts. 56, 95.) ^ 

It follows that two tangents can be drawn from an extenral 
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pofiBt oi'^^ IJM equation for determining the a; of a point of con- 
tact being 

The product of the two values of a; is positive or negative 
with 

That is, the tangents fiom oiy* are drawn to the same or dif- 
ferent branches of the curve according as oiy* lies or does not lie 
in the same angle of the asymptotes as the curve. 

The chord of contact^ or the polar of the point oiy^ has for 
its equation, 

Arts. 87—90, 92, 100, 101 may be slightly modified so m to suit 
the hyperbola* 

152. Art. 131, when V is changed to — &', applies to the 
hyperbola. Thus the diasieter conjugate to 
X y . Ix ' my 
Cm cr 
and the condition that the directions (7, m), (f, m') may be con- 
jugate is 

ir mm' rv 

Hence conjugate diameters of a hyperbola ^e also conjugate 
diameters of the conjugate hyperbola. 

Let the diameter conjugate to PP" meet the conjugate 
hyperbola in 2>, iX. Then the tangents at PF' are parallel to 
Diy (cf. Art 8a), and, as PP' is conjugate to Diy in the 
conjugate hyperbola, the tangents to that curve at D, 2>' are 
parallel to FF\ 

The diameters y « mx, y «= m'x are conjugate if mm' = -^ . 
If m be numerically less than - , m' is numerically greater than 
- . That is, of two conjugate diameters one meets the hyperbola. 
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and tiie other the conjagate hyperbola. Art. ISfi needs no 
alteration except in the %iire. 

153. If <iiy' be the eztremiiy of anj diameter and al'y" an 
extremiiy of the conjugate so that i^''^' lies on the conjugate 
hyperbola, then, since the lines 

. X _y X _^ 

x'-^' s^'-y" 

are eonjngate, 



Thus 



a T V y g* 

- - /ZTE. 






or, 



af -± J , 



y =- 



154. The difference of the squazes of two semi-conjt^aite 
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diameter^ is the constant a' «« b\ and the area of the parallelogram 
formed bj tangents at their extremities is the constant 4a5. 

In the equilateral hyperbola a" ^ &* = And therefore iall pairs 
of conjugate diameters are pairs of equal diameters, equally in- 
clined to either asymptote. 



155. The notation of Art 138 being adopted, the results 

hold for the hyperbola. 

166. The equation to the hyperbola referred to CP, CD 
as axes, the lengths of GP^ CD being a', 6', is 

^ t-i • 

a'* J"" * 

Thus the expression -« — ts has been transformed to -75 — ^^ . 

Therefore the locus of the equation ~?f — t^ = is now what was 

the locus of -5 — ^ = 0, that is, the asymptotes. Thus the asymp- 
totes are the diagonals of the parallelogram in Art. 154, and the 
line PD is, by geometry, parallel to one asymptote and bisected 
by the other. (This line has not been drawn in the figure.) 

The polar of xy' is now -75- — ^ =1, and the directions (?, w), 

(ZW) are conjugate if -T2 — ^ir = 0. The reader will easily 

prove that tangents at the extremities of any chord meet in the 
conjugate diameter. 
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157. To filled the egmtian to the hyperbola referted to the 
asymptotes as axes. 




Let P be any point on the curve, a?, y its co-ordinates CM^ 
MP with reference to the axes of figure, a?', y' its co-ordinates 
CM', M*P with reference to the asymptotes, and let 2a be the 
angle between the asymptotes. 

Then ar= C4f=s projection of the broken line CM'Pon CX 
.=«(«' + y') cos a, 
and y = PJf = projection of the broken line CM'P on CV 

= (y'-a?')8ina, 



Thus the equation -j — ^ = 1 



becomes 



{x' + y'ycoB'a (a?'-yTsin*a ., 

a« ;* J» ^^' 



^ a ^ xi. xCos « Sill a 

or, smce tan' a = -s , so that — 5— 
' a* ' a^ 



V "a'+y 



4ajy = a'+y; 



or, accents suppressed, xy • 



a^ + V 
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158. Thi» eqratioa ean be arriwi «t m anotlieT way. 

a? 1^ 
For the equation -j — ti = 0, which represents the asymptotes 

in the old system, is by hypothesis to become ^ = 0* 

Thus iixQ .expression -, — ^ will be transformed to something 
varying as xy) say ^; and the equation -j — ^= 1 will become 
^ =:1, or ajy = X. 

Now the xy of the point A is readily proved to be — -z — . 
Thus \= -— — , and the new equation is 

«y = — f 
The new equation to the conjugate hyperbola hAxy^-^ — -r-- . 

159. Thus the equation ay =» c^ rcp»sents a hypetbok;; »fr- 
ferred to its asymptotes. By varying c we get a system of 
different hyperbolas having the same asymptotes and lying iu 
the same angles of the asymptotes. A .particular case is that 
in which c = 0. The curve is then reduced to the twa axes. 

160. To find the eqtiation to the tangent (U any point of the 
curve xy = c*. 

The chord joining xjf and x**y* [since aj'y' — a?'y' = 0, so 
that x' (y - y") -hy" {x' - x") = 0] has for its equation 

X' + y" ^^' 
which becomes, when the points coincide, 

ajy' + ya:'-2a?y = 0, 

or ojy' + ya?' = 2c" (1). 
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This can ako be obtained hj the method of Art. 10<K 

The intercepts of the tangent are — r > —r > or 2^', 2y'. Thus 

the portion of the tangent included between the axeff is bisected 
at the point of contact. This is evident also from geometry (see 
Art. 156). 

161. The polar equation - = 1 + « cos d is the same for all 

conic sections. In the case of the hyperbola l=ia{e*-' 1). 

Through 8 draw lines RJRJR^R^ parallel to the asymptotes. 
These intersect the asymptotes, and therefore the curve, at in- 
finity. And, as a straight line can meet a .conic in only two 
points, each of these lines meets the curve in only one point at a 
finite distance. 

Let 6, which is measured from 8A towards 8R^ change from 
o to 29r. Then, since the extreme points of an asymptote are 
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consecutive points on this curve, the four quadranfs of the curve 
will be described in the order indicated by the figures 1, 2, 3, 4 in 
the figure, and in the direction indicated by the arrows. Thus if 
Qti Qa ^ ^^^ points at a finite distance where -B^B^, R^R^ meet 
the curve, the vectorial angles of these points are respectively 
ASQ^ and 27r — ASQ^ ; and those of the corresponding points Q,, 
C,, in the quadrants 2, 3, are tt — A8Q^ and tt + ASQ^. The radii 
vectores of all points on the further branch firom 8 are negative. 

162. To find the polar equation to the chord joining the points 
0s=za + ^, = a — fi,on the conic - = 1 + ecosd (1). 

By giving the right values to -4, B the equation 

-^AcoBid-B) (2) 

can be made to represent any straight line. 

Suppose for a moment that the equation to the chord were to 
be determined in the form (2). We should combine (1) and (2), 
and eliminating r, give to A and B such values that the equation 
in might be satisfied hy a + fi and a — ^. But to facilitate 
the combination with (1) we shall assume for the equation to the 
chord the form 

-=^cos(^-J5) + ecos^ (3), 

which is equally general with (2). The elimination of r from 
(1) and (3) gives 

Aco&{0'-B)^l. 

Therefore^cos(a + i8-5) = l = ^cos(a-/8-J9) ... (3). 

These conditions are satisfied if a + ^ — 5=* — (a — /8-5) 
(or B=»a) and A = sec /8, 

The equation to the chord is therefore 

- = sec^cos(d — a) +ecos^ (4)» 
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B7 making fi^O We deduce the equation to the ta&gent at 
the point ^= a, viz. 

- =co8 {^- a) + ecos5. 

163. HTPy TQ be two tangents to a conic, then TS wSl 
bisect the angle P8Q, except 2!P, TQ be drawn to diflTerent 
branches of a hjperbola^ in which case T8 bisects the sup^ 
plemental angle. 




For let a, /8 be the vectorial angles of P, Q. Then the equa- 
tions to yP, TQ are 

-=cos(^-a)+ecos^, - = cos(fl-/8)+«costf. 



T. a. 



10 
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Gombimng these equations we have, at the point T^ 
cos(5-a) =cos(^-/8). 

Therefore e^a^^-O (or 27r + /8 -^) ; 

that is, ST bisects the angle P8Q» with the exception stated 
above. 

164. Again the lines ST, S*T are equally inclined to the 
tangents. 

For draw 8Z, BY, BZ\ ST perpendicular to the tangents, 

.T 




Then SZ.S'Z^BCP^^SY.S'T. 

rrv SZ^S'T 

inus ^jr- g,^^ . 

Let each ratio s=i, then if the lines jTP, TQ be denoted by 
a and /3, the equations to TS, TS' will be 

a = A^, a = |, 

T^hich represent lines equally inclined to 2!P, TQ. 

165. The parabola is the connecting link between the 
ellipse and hyperbola, being an extreme case of each cunre. If 
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the focus and the nearer vertex of an ellipse or hyperbola be 
fixed (so that a (1 -^ e) is given), while e is made to approach 1, 
the centre and farther focus and vertex move off to infinity (for 
a becomes infinite). And the semilatus-rectum a (1 *- c") becomes 
2a (1 *- e) ; and the equation to the curve referred to the vertex, 



or 

becomes 

or 



y* == latufl rectum x x. 



166. If the curve in Art. 164 be a parabola with focus S, 
T8' is parallel to the axis. It can of course in this case be 




proved independently of Art. 164, that the angles PT8, QT8' 
are equal. 



Examples on Chapter X. 



1. Find the equation to the hyperbola which has the origin 
for focus and the line a? — 5y + 3 for directrix, the eccentricity; 
being 2. 

10—2 
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' 2. Tind the eccentricity and the lengths of the axes of the 

curve 

(a?-2)«+(y + l)'=3(a?-y)». 

3. What are the eccentricities of the curves 

5a?-3y + 3 = 0, \4V^J?y*+ (7=0? 

4. Find the centre and the lengths of the axes of the curve 

5a?-2^+aJ-7y = 0- 

5. XJiven tibie base and the difference of the sides of a tri- 
angle, find in the simplest form the equation to the locus of the 
vertex. 

6. In any hyperbola if SB be a perpendicular to an asymp- 
tote, GR^GA. 

7. The distance, measured parallel to an asymytote, of any 
point on the curve from a directrix is equal to the distance from 
the corresponding focus. 

8. Give a practical method of describing a hyperbola. 

9. If 6, e' be eccentricities of two conjugate hyperbolas, 

10. Find the equation io the hyperbola which is conjugate 
to a?-^ + -4aj + 5y+ (7=0. 

11. In the rectangular hyperbola PO = P0\ 

12. PQ is any chord perpendicular to a fixed diameter AB 
of a given circle. • Find the locus of the intersection of APy 
BQ. 

.13. Also, assuming that the locus is a- conic section, find 
a priori its transverse axis and eccentricity. 
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14. Find the condition that the line Ax + By+ O may 
touch the hjrperbola 

^-^,-1. (Art. 150.) 

15. Find the condition that the line joining ajy, xy* may 
touch the curve, and deduce the equation to the two tangents 
from xj/j VIZ. 

16. Is the point (—3, 5) on the convex or on. the concave 
side of the hyperbola 

17. The polars of the same point with respect to two con* 
jugate hyperbolas are parallel. 

18. A point moves so that its polars with respect to two 
conjugate hyperbolas are a constant distance apart. Prove that 
the locus of this point is an ellipse, whose shape and position are 
independent of the constant distance. 

19. Find by transformation of co-ordinates the equation tq 
the hyperbola referred to two conjugate diameters. 

20. The asymptotes and a pair of conjugate diameters form 
a harmonic pencil. 

21. Are the asymptotes a pair of conjugate diameters? 

22. Find the equation to the normal at any point of the 
curve 

xy^c^ (ft)). 

23. Express in polar co-ordinates the equations to the tan- 
gent and normal at any point of the curve 

r^sin2d = a". 

24. Perpendiculars are drawn from the pole to the tangents 
of the curve r" cqs 20 = a\ Prove that the locus of the intersec- 
tions is the curve 

r^=a'co3 2d. 
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25. Draw the curve r* = a* cos 2d, and prove that it cuts 
itself at right angles. 

26. Find the ratio in which the line joining ay, xy is 
divided by the curve ocy = c^ and hence prove that the equation 
to the two tangents from vSy^ is 

27. A chord PQ meets the asymptotes in P Q. Prove that 

28. A line meets the curves a?y = c', ocy = c ' in P, Q\ P', Q. 
Prove that PP'=e^. 

29. A right-angled triangle is inscribed in a rectangular 
hyperbola. Prove that the hypothenuse is parallel to the nor-' 
mal at the right angle. 

30. If a rectangular hyperbola circumscribe a triangle, it 
passes through the orthocentre. 

31. If IP, TQ be tangents from T and PQ meet a directrix 
in Z, then TZ subtends a right angle at the focus. 

32. Find the foci of the curve 

xy = (? (ft)). 

33. Given the foci, to what form does the hyperbola tend 
as the eccentricity diminishes ? 

34. Given the points A, A\ to what form does the curve 
tend as the eccentricity diminishes ? 

35. Given the centre and directrices, to what form does the 
curve tend as the eccentricity diminishes ? 

36. Prove geometrically the diametral properties of a recti- 
linear hyperbola, and give a geometrical construction for drawing 
the polar of a given point. 

Where are the foci and directrices of a rectilinear hyperbola ? 
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37. Tangents are drawn to a conic section from anj point 
of a fixed circle through the foci. Prove that the line bisecting 
the angle between the tangents passes through a fiLsed point, 

38. From the equation 

y = mX 77-= 4j—ar 

deduce the equation to the normal to the parabola. 

^ 39. The semilatus-rectum of any conic section is a harmonic 
mean between the segm^its of any focal chord. 

40. The segments of any focal chord of a conic section sub- 
tend equal angles at the foot of the directrix; 

41. If one focus of a rectangular hyperbola be the point 

(a, h) and the corresponding directrix the line - + | — 1, then at 

the other focus 

a? _ y _ ^ 

42. A circle intercepts chords of given length from two 
given straight lines. Find the locus of its centre. 

43. Given two conjugate hyperbolas, find the locus of the 
pole, with respect to one, of any tangent to the other. 

44. Point out among the examples given on the ellipse 
(Chapter ix.) those which can be adapted to the hyperbola. 



CHAPTER XL 

GENERAL PROPOSITIONS. 

167. We have seen that the equation to every conic section 
is of the second degree, and therefore included in the general 
form of the equation of the second degree 

aiB* + 6/ + <3 + 2a'y + 26'aj + 2c'a:y = (1). 

We shall now prove that every curve whose equation is of 
the form (1) is a conic section, whatever be the inclination of 
the co-ordinate axes to which (1) refers. 

The peculiar arrangement of terms and coefficients in (1) is 
adopted in order'to ensure symmetry when a third symbol z is 
introduced, so as to make the equation take the homogeneous 
form 

aa? ^-bt^ + cs^ + 2ayg + 2b'zx -^ 2cxy = (2). 

The quantity z is variable only in form, being unity: it may 
be looked upon as a third co-ordinate of the point on/. Thus 
the points ajy«, x'yz' are the points a?y, x'y\ 

We shall denote the left-hand sides of (1) and (2) by ^ (a?, y) 
and /(a?, y, «). 

When the origin is transferred to x'yz* without changing the 
direction of the axes, (1) and (2) become 

<^(a? + aj',y + y)=0, /(a? + a?, y+y', «+«')= 0. 

Now f{x + x\ y +y', ;5 + z') =/(aj, y, z) +/(»', y , z) + an 
expression which may be written in two ways, viz. 

2x {ax + cy + h'z') + 2y {c'x+hy' + a'«') + 2« (JV +ay+cz) (a), 
2x {ax + cy + V) + 2y' {ex + &y + dz) + 2z (p'x + ay + cz) (/8) . 
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If in either of the expressions (a), 09) we interchange x and 
x\ y and y\ and z and z\ we obtain the other expression. 

Of course we obtain ^ (aj + a?', y + y') from f{x + x\ y +y, 
z + z) by making z and z* equal to 1. 

The terms of highest dimensions in (1) are not altered by 
merely transferring the origin. This is the case with all rational 
and integral algebraic equations. 

168. The general equation ^(x, y) = represents a conic 
section* 

I. Let the terms of highest dimensions oa?' + iy' + 2c ay 
form a perfect square {Jic + gyY. 

Then j> {xy) = {fx + gyY + 2b' x + 2c y + c. 

If the lines fx + gy, 2 J'a? + 2c'y + c be not parallel, let them 
be made respectively the axes of x and y. Then^ +5'y> varying 
as the distance of the point ay from the line fx+gy, becomes an 
expression varying as y, and 2 J'a; + 2c y + c becomes in like man- 
ner an expression varying as x. Thus the equation is reduced to 

y^ = \aj, 
\ being some constant, and this represents a parabola referred 
to a diameter and tangent. 

Thus (Jx + gyy + 2h'x + 2a'y + c = (1) 

represents a parabola to which the line 2b' x + 2a' y +.c is a tan- 
gent, /a; +5^^ being the corresponding diameter. 

If the Xm^fx^-gyy 2b' x + 2a'y + c be parallel, (1) represents 
two parallel lines. These are a parabola whose axis is a parallel 
midway between the lines, and whose focus and directrix are at 
infinity. (See Chap. viii. Ex. 32.) 

Thus, if the terms of highest dimensions in j> (a?, y) form a 
perfect square, that is, if ah — c ' = 0, the locus of the equation 
j> {ocy) = is a parabola, and by equating the perfect square to zero 
we get the direction of the axis. 

II. Let aJ — c'* be not zero. If we transfer the origin to 
xy YTQ get an equation in which the terms of one dimension are 

{ax' +c^ + &') x+ {c'x' + by' + a')y. 



154 GENERAL PBOPOSITIONS. 

The coefficients of a? and y vanish if 

X = — T IT and y = — = j^ ♦ 

Let 5, y denote these values of x' and y'. Then the point xy 
is at a finite distance, and by transferring the origin to xy the 
equation becomes 

«aj^ + V+ 2c'a?y + (5y) = 0, 
or, if k denote — j> {xy), 

aix? + iy^+2cicy = k (2). 

If ab — c'* be negative, the left-hand side resolves into two 
linear factors Ax +By, Ox + Dy. 

Let the lines Ax + By, Ox + Dy, which intersect, be made 
axes, then (2) becomes xy= a, constant, which represents a 
hyperbola referred to its asymptotes. 

Thus (2) represents a hyperbola of which the lines > 

aaf+by'^+2cxy = (3) 

are the asymptotes, and, if ah^d^ be negative, or, if the terms of 
highest dimensions break up into factors, then ^ {xy) = repre- 
sents a hyperbola whose asymptotes are parallel to the lines to 
which the factors correspond. In other words, the directions of 
points at infinity are found by equating to zero the terms of highest 
dimensions. 

K (0 be the inclination of the co-ordinate axes, the lines 

c' 0»* — y^ + (6 — a)a?y = cosa {aaf — bj^ (4) 

bisect the angles between the lines (3). (Cf. Art. 58 or 190.) 
They are therefore the axes of figure of the hyperbola (2). By 
making them co-ordinate axes (2) can be reduced to the form 

Ea?^Fi^=-Jc (5), 

E and F having opposite signs. For (5) is the form of equation 
to a hyperbola referred to its axes of figure. 

Again, if ab — c" be positive, the lines (3) are imaginary, but 
the lines (4) are still real and may be made co-ordinate axes. 
(For the condition of reality is 

(J — a)* + 4c'* + 4aJ cos*a)> 4 (a + h) o' cos ©, 
or (i - a)' (cos* © + sin*©) + 4c * + 4a6 cos* © > 4 (a + J) c' cobPo, 
or { (4 + a) cos « - 2c'}* + (6 - a)* Bin* • > 0). 
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Then aa? -^hj^ -\-2o'ay will still tecome Mx?-\-Fi^^ because, 
though the values of E and F be altered by altering those of 
^> *> o'y yet their forma remain the same. The equation (2) be- 
comes therefore 

Here E and F have the same sign, for otherwise the curve 
would be a hyperbola and the lines (3) therefore real. 

Therefore the curve is an ellipse of which the squares of the 

k k 
semi-axes are ^, ■^. If the sign of k be not the same as that 

of E and F, the ellipse is imaginary. 

The lines (3) are imaginary asymptotes of the ellipse (2). 
The lines (4) are this ellipse's axes of figure. If E=^F, and 

ft) = -, the ellipse becomes a circle. A circle is an ellipse with 

coincident foci and infinitely small eccentricity. 

If A; = 0, and aJ— c"*be negative, (2) represents two inter- 
secting straight lines. Two such lines are a rectilinear self- 
asymptotic hyperbola. • 

If yfc = and ah-o'^ be positive, (2) represents two imaginary 
lines which, a:s the form^* + i^" = assures us, are a point- 
ellipse. 

Thus all curves represented by the equation j> [xy) = are 
conic sections. 

169, To find the centre of the conic 4>{^j) = ^• 

Let a, y be the co-ordinates of the centre. Then ^ (a? + a?, 
y'\-y) has no linear terms. Hence a?, y are the values of a;, y in 
the equations 

aaj + cy + J' = 0, caj + iy + a' = 0. 

These values are 

The centre of a parabola is generally at infinity. But if 
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dd — hV and Vc — ad both vankh, the centre is indeterminate. 
In this case 

or the parabola is rectilinear. Its centre may be supposed any- 
where in the axis. 

170. When the axes are rectangular they are turned through 
an angle B by writing a? cos 5— y sin B for a;, and x sin d + y cos 6 
for y. When this is done, oaf + ^dxy + 6y* is transformed to an 
expression of the same form in which the a, i, and d are 

a cos* 5 + J sin" B + 2c' sin B cos 5, 

asin*d + Jcos^d — 2c'sin^cos5, 

and (J — a) sin ^ cos ^ + c' (cos' B — sin* d), 

or ^=^ + -5— cos2d + c sm2^, 

—r 5— COS 2B - c sm 2^, 

and -^ sin 2B + c cos 2B. 

Thus ^A« vaZwe^ o/a+b arw? ab— c** are «o^ altered hy turning 
the axes. On this account a + i and ah — c" are called invariants. 

2c' 
Again, if we so choose B that tan 25 = ^^ w® transform 

oof + 6y*+ 2c'a?y to the form Es? + jPy*. The innumerable values 

of B differ by multiples of - . 

Another invariant in the transformation of j> (xy) by turning 
the axes is a'* + 6", for J'a? + ay becomes 

{V cos 5 + a' sin B)x+ (a' cos 5 - J' sin ff) y. 

171. To find the lengths of the axes of the conic 

ax' + by' + 2c'xy = k, 
the co-^yrdinate axes being rectangular. 
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.The given equation can be transfonned to aaf + ^j^^ly 
a and /8 being the reciprocals of the squares of the semi-axes. 
(In the case of the hyperbola either a or )8 is negative.) 

Thus 

F + l^^+T^ (^)' 
may be transformed to aa? + /Sy* (2) by turning. 

The a+ J and ah — c* of (1) are — r— and —j% — , and those 
of (2) are a + )8 and afi. 

. Therefore a + i8 = 
roots of the equation 



. Therefore a + i8 = ^^^^ and ofi— — "W^^ *°^ *^^ *' ^ ^^ 



k If 

The equation to the axes is (Art. 167) 

c' (^-y") + (*-«) ^=^- 
172. The asymptotes of j> {xy) = are parallel to 

aaj' + J/ + 2c'a5y = (1). 

Therefore if be one of the angles between them, 

tan ^ = ± -T — . 

a-to . 

Let be that angle in which the curve lies ; then, from 

2 




Geometry, sec ^ = e. Thus 



., 

2V3^^^^ ^^''''2 _ 2V7I^ 

l-tan«- 
It will be found that if fi denote ^aZ~j — > 
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Since fjf - ifi^ being . ,^ _ ^> , {40" + (a - £)*} is positive, 

both values of 6* are real But if ah>c'^y fi is negative and 
therefore only one value of 6* is positive. Thus if <^ (xy) = be 
an ellipse, we can find the eccentricity from (2). J£ ah< c'*, that 
equation is not sufficient. The curve is a hyperbola, and the 
mere directions of the asymptotes are not sufficient to determine 
in which angle of the asymptotes the curve is situated. 
The condition for a rectangular hyperbolai is a + 6 = 0. 

173, The curves obtained by varying k in 

have the same centre iand asymptotes. Those for which k 
is positive lie in different compartments from those for which 
h is negative. For the oa? + 6y* + 2cocy of any point on one 
curve has a different sign from the aa? + Jy* + 2c xy of any point 
on the other curve. That is, the curves are parted by the 
asymptotes (see Art. 177). 

The asymptotes of {Ax + By+ G) {Dx+Ey + F) = G^ are the 
lines Ax + By+C, Bx + Ey + F, and the conjugate hyperbola 
is {Ax + By+C) (Bx + Ei/ + F)==-- G, since the transformation 
which reduces one equation to xy = h reduces the other to 
ajy = — A. 

Thus (lof + J^ + 2(!xy = + A? are conjugate curves. 

174. All the conies obtained by varying a', V and c in 
^(ajy) = have their asymptotes parallel. Those obtained by 
varying only c are concentric and have the same asymptotes. 
Thus 

^ (ajy) = constant 
is concentric and co-asymptotic with ^ (ary) = 0, and only one such 
curve can be drawn through a given point a?y', viz. 
^{xy)-=4>{x'y'). 

Let acy be the centre of ^ (xy) =0. Then j> [xy) = ^ (Sy) (1) 
must be the asymptotes. 

If in the expressions (a) or (/8) of Art. 167, we write a?, y, z 
for x\ y\ z\ the result is 2f{xyz). 
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Thus f{xy z)^z {Vx + cly + ci), 
and ^(5y) =J'ap+ay + c 

Thus (1) may be written. 

aar'\'bf + 2ay + 2h'x'\-2cxy+ ah-- '^ ^ 

175. If through any point there be drawn two lines infixed 
directions to meet a conic section^ the rectangles under the segments 
of the lines are in a constant ratio. 

(This Theorem includes Euclid ill. 35, 36.) 

Let any position of the two lines be made co-ordinate axes, 
and let 

00?^ + Jy* + c + 2ay + 2J'a; + 2c'a?y = 

be the equation to the curve. The rectangle of the intercepts 




on the axis of x is, by the Theory of Quadratic Equations, - , 



and similarly t is the rectangle of the intercepts on the axis of y. 

The rectangles are in . the ratio - , which, as a and h do not 
change except with the direction of the axes, is invariable. 
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Ex. Let QVQ' be a double ordinate to the diameter PP in 
an ellipse, and let D CU be the diameter conjugate to PP. Theii 

VQ.VQ _ CD. CD' ,QV^ _GD' 

VP. VF" CP. CP ^"^ PV.P'V^ GF' 

Again, Tet TD^ TW be tangents parallel to the central radii 
OP, OR. Then 

CP^_Tff_ CP_ TD 

It follows also from this theorem, that if a pair of straight 
lines contain the four common points of a circle and any conic 
section, the straight lines are equally inclined to the axes of the 
curve, for the parallel central radii are equal. 

By making two of the points move to coincidence with a third, 
we see that the common chord of the conic and the circle of 
curvature at any point makes the same angles with the axes as 
the tangent at the point where the circle of curvature is drawn. 

176. The equation for determining the length r of a line 
drawn from a given point x'y in direction [Z, «i] to meet the 
conic j> {xy) = is 

+ <^(a:y)=0 (1). 

Thus the diameter conjugate to the direction (Z, m) is the line 

which passes through the intersection of the lines 

aa?+cy+5, c'aj + iy + a', 
that is, through the centre. 
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If the centre be origin, the equation to the diameter may be 
written in two ways : 

l{ax + c'y)+m{c'x + by)=0, 

or X [al + c'm) +y {c'l -^ hm) =-0. 

The condition that the directions (fow), {Vw!) may be con- 
jugate is 

cJX + hmm' + c' (M + Tm) = 0, 

and is the ^ame fcxr all curves which have the same asymptotic 
directions. 

177. The product of the values of r in equation (1) of 
Art 176 is 



oF+W+WI 



Thus the j> (xy) of any point P varies as the rectangle of the 
segments of a line JPQQ' drawQ through P in a given direction 
to meet the curve. 




The <f> {an/) of a point changes sign as the point crosses the 
curve, for when the point is without the curve the segments are 
measured in the same direction, and their rectangle is positive, 
but when the point is within the curve, the segments are measured 
in opposite directions and their rectangle is negative. 

If oZ* + hm* + 2clm be positive, the <t>{xy) of all points without 
the curve is positive. 

A point is within or without the curve according as <t>{an/) 
has or has not the same sign as ^(£^). 

T.G. 11 
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Arts. 175 and 177 are particular cases of theorems which 
hold for all carves that are represented hj rational and integral 
algebraic equations. 



Similar Curves. 

1 78. By magnifying or diminishing the radii vectores of 
any curve in a constant Tafio we get another curve of the same 
shape^ or similar to the given curve. Moreover the two curves 
are sinlilarly placed : corresponding chords, for instance, are 
parallel. If the radii of the derived curve be backward pro- 
ductions of those of the given curve, the curves are still similar 
and have corresponding chords parallel, but differ in position by 
two right angles. The origin, or point whence the radii are 
drawn, is a centre of direct similitude in the first case, and of 
inverse similitude in the second. 

Thus the curves 

- = 1+6C0S5 (1), 

r 

-=l + ecosd (2), 

are similar and similarly placed and their common focus is a 
centre of direct similitude. The curves 

- =a 1 + e cos d, 
r 

V 

- = l+6Cos(^-a) 

are similar, but differ in position by an angle a. The curve 

- = 1 — e cos ^, : 
r 

is siniilar to (1) and similarly placed, and the common focus 
is a centre of inverse similitude. 
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If two conies of the same eccentricity be applied together so 
as to have a common focus and the same direction of transverse 
axes, their equations can be exhibited in the forms (1), (2). 
Therefore the curves are similar, and conversely similar conies 
have the same eccentricity. 

All parabolas are similar curves. 

All similar and similarly placed conies must have virtually 
the same highest terms in their Cartesian equations, since their 
asymptotes are in the same directions. 

But if <t>i{xy) denote 

oa^ + V + <'i + 2a;y + 2 J/aj + 2c'a?y, 

it is not necessarily true that the curves ^, <f>^ are similar. For 
their equations referred to their centres ajy, x^y^ are 

OB* + Jy* + 2c'a?y = - ^ (a?y), 

and if aJ < c'^ it is not certain, unless the signs of (f> (5y), <f>^ (5, y) 
be known, in which angles of their asymptotes the curves lie. 

The curves <f>{xy) = 0, ^, (a?y) =0 are similar except <f>(xy)^ 
(f>(x^ ^i) have opposite signs, and then their eccentricities 6, e^ are 
connected by the relation 



TangentSj Poles and Polars. 

179. Let fi : fi he the ratio in which the line joining the 
points xyzj x'y'z' is cut by the conic f{xyz) = 0. The co-ordi- 
nates of the point of section are 

fi + fi' ' m + m' ' a^ + m' ' 

11—2 
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and these satisfy the equation to the curve. Therefore^ since 
/is homogeneous, 

The expanded form of this is 

li'W^IJ?U+liii'V^O (1), 

if U, V denote f{xyz), /(xyz), and V denote either of the 
expressions (a) or {fi) in Art. 167, 

Ik Let the line touch the curve. Then the two values of 
the ratio /* : /Lt' are equal ; the condition for which is 

r^^lUU' (2). 

If the point x'y'z' be given, and a?, y, z be 'current' co-ordi- 
nates, (2) is the equation to the two tangents from a?'yV. 

Ex« To find the equation to the two tangents firom x't/ to 
the ellipse 

Here /(«y«)=^ + J-«*. 

Therefore the equation (2) is 

« (?'-f-)'=(?-^')(S4-)- 

II. Let the line touch the curve at x'l/z'. Then both 
values of /A : /Lt' are infinite, so that both IT and V vanish. 
Thus 

F=0 (3) 

is the equation to the tangent at a/y'z\ 

Ex. The tangent at x'y' to the curve (f> {xy) = is 
{ax' + dy' + 6') «+ (oV + 83/ + a') y + 6V + a'y' + c= 0...(4). 
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It can be shewn (as in Art. 86) that (4) is the equation to 
the chord of contact of two tangents from oiy . 

III. Let the line joining the two points be cnt harmonically 
by the curve. Then the values of /a : yi are equal and of op- 
posite sign : that is, 

F=0. 

- v 

Thus, if a?y«' be given,. F=0 is the equation to the locus 
of the other point. The locus is therefore a straight line. 

Hence, if through a given point a radius vector be drawn to 
a conic and the harmonic mean between its two values be 
measured upon it from the given point, the locus of the ex- 
tremity of this new radius vector i& a straight line. 

This straight line is called the 'polar of the given point, 
and the given point is called the foU of the given line (see 
Art. 90). 

Ex. The polar of the origin with resect to ^ (ajy) = is, 
since F in this case is 

5?' (J'a? + ay+o),. 

J'i» + a'y + c = * (5). 

The polar form of ^ (a?y) = is 

r* (aP + 6w' + 2clni) + 27- (i-7 + cfn) + c = 0, 

and the harmonic mean between the values of r is 



67 + cW 

Thus, the equation to the locus of the extremity of the har- 
monic mean is 

r(57 + cm) + c = 0, 

which agrees with (5)» 

180. To find the axis of the parabola 

{fx +gyY + 2ay + 2Vx + c =^ 0. 
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; The polar of oSx/ is 

and the direction of the axis is (Art 168) 

fa^gy^O (2). 

The axis is the locus of points whose polars are perpendicular 
to the axis. Thus if a?y lie on the axis, the lines (1), (2) are at 
right angles, or 

The equation to the axis is therefore 

{f'^f){f^-^9y)+fb'-^ga^o. 

181. To find the latm rectum of the parabola 

(fa +gyy + ^Vx + 2a'y + c = 0. 
Let be the angle between the lines 

so that sin^=-==£^^=, 

V(/'+/)(a« + i")' 

when these lines are made axes of x and y, 

fa+gy 

will become y sin d, and 

2h'x-\-2ay + c 
2Va'* + J" 
will become — x sin dj so that the equation will be 

y'Cr+/)Bine = 2ajV^M^. 

Now, if 4a be the latus rectum, we know that another form of 
this equation is 

y' = 4a cosec^ . x (Art. 114). 

2 Va'* + y* 
Therefore 4a cosec* = ^, \ cosec 0, 

f +9 
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and 4« = iMz^. 

182. To find the dtrectar^rcle of the conic 4> (^) = 0. 

The lines 

F««4?777' = (1) 

are at right angles if the snm of the coefficients of a? and j^ in 
(1) vanishes. 

Now 
V^— 4.7717' 

- U\ (aa?-^hy' + 2c'anf+...). 
And the sum of the coefficients of a? and y* vanishes if 

The equation to the director-circle is therefore 
{ax + cy + by+{c'x + hy + ay 

^{a + h)(aa? + iy» + c + 2a'y + 25'ic + 2(/) (2). 

In the case of the parabola, the terms of highest dimensions 
in (2) disappear, and (2) becomes the equation to the directrix, 
viz. 

2V {ax+ c'y) + 2a' (c'x + by) + a'*+ 5'*= (a + h) (c + 2a'y + 2Vx), 

or2(aV-55')« + 2(JV-aa')y + a'«+5"-(a + &)c = 0...(3). 

Again^ for determining the pole of a line Ax + ^ + C7 we 
have the equations 

ax + c'y+V c'o^ + hy + a Vx •^-a'y-^c ,. 

A B ■" G ^*^- 

We can therefore find the pole of the line (3), that is, the 
focus of the parabola. 

183. All chorda of a conic section which subtend a right 
angle at a fixed point of the curvCy intersect in the normal at 
that point. (Compare Euclid, III. 31.) 
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The fixed point being origin, let the equation to the conic be 

oa?* + i^ + 2a'jr + 2b'ax+ 2c'ajy = 0. 
The finite intercepts on the axes are 

"a * b ' 

The chord which joins the extremities of these intercepts is 



X 



TIE "ll^ 
a b 

* 
The tangent at the origin is (Art. 100) 

a'y+J'a;=:=0. 

The normal is therefore 



+-fe=i w- 



y _x 



(2). 



The lines (1) and (2) meet in the point 

_ -2y _ ~2a' 
^-a + 6' y" a^V 

The distance of this point from the origin is 

which does not change when the axes are turned (Art* 170) • 
The chords therefore all pass through. a fixed point in the 
normal. 

184. Through jive points^ no four of which are in a straight 
lifie, one conic section and one only can be draton. 

Let the axes be so chosen that two of the points are in one 
axis, and two of the rest in the other axis, and let these four 
points be 

(a,0), (a', 0), (0, /8), (0, /S'). 

Assume for the equation to the conic 

j£C^+%'+Ctcy + -Z>a; + % + l=0..... (1). 
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Then, by the theory of quadratic equations, 

Thus (1) takes the form 

Let a?j y^ be the fifth point. Then by writing aj^, y^ for a?, y 
in (2) we obtain a simple equation for determining (7. Thus 
one and only one conic can be drawn through the five points. If 
the point a^ y^ be in either axis, C is infinite, and therefore (1) 
must be xy = 0, representing a rectilinear hyperbola. If four of 
the points lie in a straight line, there can be drawn through the 
five points an infinite number of hyperbolas, all rectilinear. 

Cor. The equation to a conic which passed^ through four 
given points can always be thrown into the form. (2). 



185. If 5=0 (1) and 5' = (2) be the equations to two. 
conies, then 8-\-\8' = (3) denotes a conic passing through their 
four points of intersection, and by properly choosing X may be 
made to represent any such conic, for X can be so chosen as tO' 
make (3) satisfied by the co-ordinates of any fifth point. 

186. Hence every conic sectic«i which passes through the* 
intersections of two rectangular hyperbolas is also a rectangular 
hyperbola. For if the a-\-l oi B and the ^ + 5 of 8' both vanish,, 
so does the a + 5 of 8+ \8\ 

187. In the triangle ABC let AL be perpendicular to BCy 
and let any rectangular hyperbola which passes through -4, B, G 
meet AL again in Z>. 

The lines AL^ BO are a rectangular hyperbola intersecting 
the curve in -4, B^ (7, D. Therefore the lines BD^ A (7, which 
are a rectilinear hyperbola, are also a rectangular hyperbola. 
Therefore BD is at right angles to A G. Thus 



170 
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If a rectangvlar hyperbola drcumsoribe a triangle^ it passes 
also throuffh the intersection of perpendiculars. 

188, The reader of the Differential Calculus can well apply 
the notation of that subject to Plane Co-ordinate Geometry. 

To begin with Art. 167. By a well-known expansion 



+ *^^ + 



+ ^3^*'^ + " 



+ terms which involve higher differential co- 
efficients and therefore vanish, 

=/(^*)+«'|+j^|+-'|+/(«'yV). 

The terms of one dimension in Xy y, z are 



<to^* dy 



dz 



•(1), 



or, if/ stand imfix'y'z'), 



df ^ df ^ df 



' dx' 



.(2). 



Thus the V of Art. 179 stands for either of the expressions 
(1), (2), and the equation to the polar of any point is found by 
equating either of these expressions to zero. 
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The equations for determining the pole of a given line 

Ax^By + G. (3), 

as found by comparing (3) with (2), are 

^ ^ ^ 

dx dy dz « 

189. Again, the equations for determining the centre of the 
conic ^ (ojy) = are simply 

^ = ^ = 
dx "' dy "' 

(each of which represents, therefore, a diameter). 

The <^ (a?y)'s of two points in the same diameter and equi- 
distant from the centre are equal (Art. 177). At the centre 
^ {oGy) is a maximum or minimum. 

Also, since 2/(a>y^) = aj J'+y^+^f , 

1 df 

f{xyz) =2 ^ (compare Art. 174). 

190. The normal at any point x'y' of ^ (osy) = is the line 

x — x' y — t/ 
€Uf> d(f> 

d^ ^ 

Let '^ (ajy) denote us? + 2c a?y + i^, so that 

-^(ojy) =X; ».r^^* (1) 

is .the general equation to a conic referred to its centre. Then 
the normal at aiy* is 

x — x* _ y — y* 
dy^ "^ dy^ 
dx' dy 
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If lliid line pass through the origin of co-ordinates, that is, if 
the normal be one of the axes of figure, 

a/ ^£ 

^ #^' 
dx dy 
or, x*j/ lies on one of the lines 

-f-^S-o-- »^ 

which, be it observed, intersect at the origin, and are therefore 
the axes of figure. 

The lines '^(a?y) = (3), 

are the asymptotes of the curve '^[xy) = h, and, since the axes of 
the curve bisect the angles between the asymptotes, the equation 
(2) represents the bisectors of the angles between the lines (3). 

191. The equation to the axis of the parabola 

(aa? + iy + c)» + c&j + 6y+/=0 (1), 

is, if X denote the left-hand side of (1), 

OM ay 
The equation to the director-circle of <^ {xy) is 

The equation to the diameter conjugate to chords in direc- 
tion ijm). is 

if + mf^O, 
ax dy 

and, if the centre be origin, this may be also written 
a? ^ -f y-j- = {<l> standing for ^ (&»)}. 

192. We conclude this Chapter by tracing three curves firom 
their equations. 

I. The locus of 

(a? + y-2)"=y-3aj (1) 

is a parabola touching the line y-^Sx at the point where that 
line meets the line x+y — 2 (which is a diameter) and lying on 



QEKEBAL PBOPOSITIOKS. 



J73 



the positive side of the line y — 3a?, since the y — Sx of every 
point in the curve is equal to a perfect square. The equations 
for determining the intercepts on the axes are 

aj'-a? + 4 = 0, ^"-5^ + 4 = 0. 

Thus the curve does not meet the axis of x in real points, "but 
meets the axis of y at the points (0, 1), (0, 4). From these 
observations the curve can be roughly drawn, whatever be the 
inclination of the axes. ^ 

But, to be more precise, if the axes be rectangular, the axis 
of figure is (Art. 180) the line 



a. + y-2=--, 



►(2), 



and the vertex, as we find by combining (1) and (2), is the. 
point 
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The latus rectum ^Art. 181 ; since the /, ^, a, i' are 1, 1, -- , 

— - j is V2, and the focus, which we find by adding to the co- 
ordinates of A the projections of 8A on the axes, is the point 

In like manner, the directrix is a line through the point 

at right angles to the line x+y: that is, the directrix is the 
line 

3 

Transferring the origin to the points (0, 1), (0, 4), we find 
the terms of lowest dimensions to be in one case a; — 3y, and in 
the other 7x + 3y. Thus we know the directions of the curve at 
the points where it cuts the axis of y. 

Again, to find the points where the tangent is parallel to the 

axis of Xf we must find the value of y for which the values of x 

15 
in (1) are equal. That value of y is -r, and the corresponding 

7 15 . 

value of a; is — rr . Thus the line y = r^ is a tangent, and in 

9 
like manner the line a; = — is a tangent, intersecting the former 

in the foot of the directrix. 

II. The equation 

aj'-a?y + 2y" = 8a; + 3y + 5 (1) 

represents an ellipse whose centre is at the point (5, 2). 
With this point as origin the equation is 

a'-ajy + 2y" = 28 (2), 

for ^ {xy) = h'x-^dy + c (Art 174). 
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The co-ordinates 'being rectangular, the axes of figure are 

aj'-2a;y-y"=0 (Art. 170 or 190), 

or y = (±V2 — l)ic» 

The polar form of (2) ia 

28 

-J = cos' ^ — cos ^ sin ^ + 2 sin' 0. 



Let tan ^ = m, so that 
m 



sind = 



^/l+w»' 



cos 5 = 



^/^f^«* 




Then 
and, if 

and 



28 _ 1 - w + 2m' 

n! = ±V2-l, m*«3T2V2 

r^ 4 + 2V2 2±4V2 



28 8T5V2 



14 



Thus the squares of the semi-axes are 8 (3 ± tj2)^ and the 
longer axis is in direction of the line y = (V2 — 1) a?» ^ 
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IIL The equation 

(«-y)(« + 2y--3) + 7 = 
represents a hyperbola of which the asymptotes are the lines 
»— y and {» + 2y — 3, 




The curve lies on the positive side of one line and on the 
negative side of the other, or in the + ^ and — + compartments 
of the two lines. 

The equation for the intercepts on the axis of a; is 

^ - 3a? + 7 = 0, 

the roots of which are imaginary. Thus the curve does not cut 
the axis of a; in real points. The equation for intercepts on the 

.axis of y is 2^ — 3y — 7 = 0, the roots of which are --=-r — . 



The curve can now be roughly drawn : but if greater accu- 
racy be required the reciprocals of the squares of the semi-axes 
may be found from the equation 

• V-^X-^ = (Art.171). 
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Examples on Chapter XL 

1. Find an equation to the parabola (a;+y — 3)*=2aj— y, 
referred to the lines a?+y — 3, 2a; — yas aj^es* 

2. Find the equation to the parabola which passes through 
the point (A, h)^ touches the line ic^y 9X the origin, and has the 
axis of y for a diameter (©). ^ 

3. Find the equation to the curve fic'-y' — 3a!y + a? = 0, 
referred to its centre. What is the eccentricity of this curve? 

4. Determine to what classes of conic sections the following 
curves belong : . , . 

(2) a?-Sxy + y^ = 9x-7y. 

(3) a?" + iry + 3 = 0. 

5. All conies obtained by varying m in the equation 

have their axes coincident (^)* 

6. Find the angle through which the axes must be turned 
in order that 

a?*— Sajy+Gy* 
may take the form 

Eaf+Ff, 
and reduce the equation 

a?- 5ajy + 6y"- 4aj - 2y = 5 
to the form 

(TO 

T. G. 12 
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7. Find the lengths of the axes of the coryes 

8. Prove that the length of an eqm-conjirgate radius vector 
in the ellipse 

and hence prove that the equation to the equi-conjugate diameters 
is (a + J)(aaj» + V + 2c'«y) = 2(a6-c'*)(a? + y). 

9« Find the equation to the common diameters of the conic 

and the circle X i^-^jf) = h 

and deduce the condition that the curves may toucli. 

Hence find the lengths of the semi-axes of the conic and the 
equation to the axes. 

10. The conies 

^a? + ^ + 2(7'ajy+...s=0, 
oa;^ + J/ + 2c'ajy + ... = 0, 
have their axes parallel if 

C " c' • 

11. Find the eccentricities of 

5a:^ + 3y"- 2ajy -h JB- 3y = 0, 
(a?-y)aj=2, 

and find the equation to a rectangular hyperbola which touches 
the axis of x at the point (1, 0), and the line a; = y at the point 

(1, 1). 
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12. Detertnine X and X b6 that 

{Ax + -By + X) {A'x -f ^y + V) 
may differ by a constant from . 

{Ax + By) {A'x'^Fy) + Cx-¥Dy, 
and hence find the asymptotes of 

{Ax + By) {A'x + By) + Cx + Dy^B=0, 

13. Find the asymptotes of 

{x-y) (aj + 3y) + 4a;-y = 6. 

14. What is represented by the equation 

{Ax + By+Gy+{A'x + ffy+G'y=^iy? 

15. Determine fi so that ^ (xy) + fi may break up into two 
linear factord, and heiK^ find the asymptotes of the conic 

4>{xy) = 0. 

16. If 2!P, TQh^ two tangents to a parabola whose focus 
is^, TP'iTQ'iiSPiSQ. 

17. If a conic touch three straight lines BO, CA, AB in 
L, M, -ftT, then the lines AL^ BM, ON meet in a point, and the 
intersections of the three chords of contact with the corresponding 
sides of the triangle ABC lie in a straight line, 

18; If a conic touch all the sides of a rectilineal figure, the 
products of the alternate segments of the sides are equal. 

19. Find the equation to the common chord of the conic 

a 6* 

and the circle of curvature at the point x'y\ and find the length 
of this chord. 

What must be the eccentricity of the ellipse if the common 
chord of the ellipse smd circle of curvature at an extremity of a 
latus rectum pass through the further focus ? 

12—2 
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20. Apply Art. 176 to find the equation to the axes of the 
conic aaf-^^hy^ + icxy — h 

21. Is the point (1, — 2) within or without the curve 

y* = 6aj + 2y + l? 

22. Is the point (1, 1) within or without the curve 

(5aj-4y)»-(3aj + 2y-l)* = 5? 

23. Find the ratio of focal chords parallel to the co-ordinate 
axes in the conic 

o:^ + 3ajy- 2^* + 5a? = 3. 

24. Find a centre of similitude of two squares which are in 
similar positions, and hence inscribe a square in a given triangle. 

25. . From the focus of a conic a line is drawn inclined at a 
constant angle to the tangent Find the locus of the point where 
the line meets the tangent. 

26. The curves obtained by varying c in the equation 

are similar and similarly situated («d). 

27. Find the equation to the axis of the parabola 

the co-ordinates being oblique. 

28. Find the director-circle of the conic 

ac"+ Jy" + 2c'a;y «*......((»). 

29. A parabola slides between two given straight lines 
which are at right angles. Determine the loci of the focus and 
vertex, 

30. Trace the curves 

and find the angles at which they intersect. 
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31'. Find the axis of the parabola 

32. Prove hy Art. 183 that if a right-angled triangle be 
inscribed in a rectangular hyperbola, the hypothenuse is paral- 
lel to the normal at the right angle. 

33. A right-angled triangle is inscribed in the conic 

Prove that the locus of the point where the hypothenuse 
meets the normal at the right angle is the conic 

What is this locus in the case of the parabola? 

34 Find the polar of the origin with regard to the conic 

and prove that if a conic circumscribe a quadrilateral, then the 
line joining, any two of the vertices of the quadrilateral is the 
polar of the third vertex. (Art. 78.) 

35. Prove generally for all conic sections the last theorem 
in Art. 101, and prove that the centre of the conic ^ {xy) is the 
pole of the line at infinity. 

36. With a given centre one conic, and in general one only, 
can be described about a given triangle. Examine the cases in 
which the given centre is in a side of the triangle. 

37. If a conic pass through four given points^ the locus of 
its centre is a conic. 
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38« Assuming that the locus of the centre of a conic passing 
through four given points -4, £, (7, 2> is a conic, prove a priori 
that on this locus Ue the intersections of -42>, B0\ BD, CA; 
CD, AB) and the middle points of BG, CA, AB, AD, BD, CD. 

39. The circle which bisects the sides of a triangle passes 
through the feet of the perpendiculars from the angular points 
on the sides, and bisects the distances of the angular points from 
the orthocentre. 

40. If a rectangular hyperbola circumscribe a triangle, the 
locus of its centre is the ' nine-point circle.' 

41. How many parabolas can be drawn through four given 
points ? How many rectangular hyperbolas ? 

42. With a given focus how mgay conies can be described 
about a given triangle ? 

43. Apply Art. 187 to the problem in Ex. 32. 

44. Find the equation to the mid-parallel of the lines 

Ax-i-By-^-C, Ax + By+C (Art. 180). 

45. The lines L-^fiM, L + fiM are conjugate diameters of 
the curve LM^ h 

46. Find the points in the conic ^ (xy) = 0, when the tan- 
gents are parallel to the co-ordinate axes. . 

47. Trace the curves 

(1) a?' + a?y = aj + 5. (2) (a;+y-.5)*=y-2a? + 8. 

(3) (aj-y)'+(aj + 3y)» = 16. 

(4) (aj-y+2)(a;-3y + 3)+5 = 0; 

and find the equation to a conic which has the same centre and 
asymptotes as (4) and passes through the centre of (1). 
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ABRIDGED NOTATION. 

W3. Let i = 0, Jf = be the equations to two chords PQ, 
PQ of the conic 

«=0 ., (1). 

Then the equation LM^ represents a rectilinear hyperbola, 
and (by Art. J 85) the equation to every conic passing through 
the points P, Q^ P*, Q^ is of the form 

/S+Xiif=0 (2). 




Let the point P, Q move up to and coincide with the points 
P, Q respectively. Then the lines PP, QQ[^ which were com- 
mon chords of the conies (1), (2), become common tangents at 
P, Q, and we see that 

/8f+Xi* = (3), 

represents a conic having double contact with (1) ' along the 
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line' L. Since (3) is a simple equation as far as X is concerned^ 
onlj one conic can be drawn through a given point so as to have 
double contact with a given conic along a given line. 

194. Let i=0, if=0, -S7=0, 5 = 0, be the equations to 
four straight lines. Then (Art. 193), LM+\NR^(i is the 
general equation to a conic passing through the four points 
in which the lines LM meet the lines NRx and LM+XJB^ 
is the general equation to a conic touching the lines LM and 
having B for the chord of contact. 




Ex. {fa +gyf + 2a'y + 2j'aj + c = 

touches the line 

2a! y + iUx + c 
and the line at infinity, and has^ -{-gy for the chord of contact. 

195. Thus the equation to a conic referred to two tangents 
as axes must be of the form 

xy + \{Ax-^By+Gy^O, 
Ax + By+ G being the chord of coi^tact. 

A more convenient form is 

g+f-iy = ;U3, (1). 

In this case a and 6 are the lengths of the tangents. 

Ex. The conditions that (1) may represent a circle are 

. 73 J 2 2cos(o 

a' = 6, and -t"-"M = - — a — > 

0) being the inclination of the axes. 
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Thus the equation to a circle referred to two tangents of 
length a inclined at an angle &> is 

(oj + y - a)' = 4a^ sin' |^ , (Compare CL VI. Ex. 32.) 

This equation, translated into trilinear co-ordinates by calling 
the lines x,tf,x + y-a respectively a, fi, 7, is o^ = f/. (The 
triangle of reference is, in this case, isosceles.) 

Again, the condition for a parabola is 

When this condition is satisfied the equation (1) can be 
reduced to 



yivi='- 



196. Let e be the eccentricity of a conic having the origin 
for focus and the line a = for directrix. Then the equation 
to the curve is 

aj' + y* = e"a*, 

or {ea-y){ea+y) = a?, 

or {ea-x){ea + x)^y\. 

Thus the lines ea -y, ea +y are tangents at the points where 
the axis of a? meets the curve, and the lines ea-a?, ea+.x are 
tangents at the points where the axis of y meets the curve. 

197. We might define a focus of a conic as a point such 
that if it be made origin the equation to the curve can be put 
into the form . , , 

ai» + y = eV W' 

or as a point whose distance from aiiy point of the curve can be 
expressed as a linear function of the co-ordinates of the pomt. 
But, to speak of imaginary things as if they were real, a focus is 
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* A point-circle having double contact with the conic' For the 
curve 

^^jt^O (2), • 

has double contiact with the curve (1) along the line 7. 

Again, a conic meets its asjmptotes in the line at ^infinity, 
and if the direction of the asymptotes be given (that is, if the 
terms of highest dimensions in the conic's equation be given), the 
conic meets the line at infinity in two given points. Thus all 
similar and similarly placed ellipses have two imaginary com- 
mon points at infinity, and, in particular, all circles pass through 
*the two circular points at infinity,' which are the points at 
infinity on the lines 

Call these points ^, ff^ and let S be any point whatever. 
Then all circles centred at 8 have the same asymptotes, viz. the 
lines SO, Sffy and these lines are themselves one of the concentric 
system, viz. the point-circle 8. 

Let 8^ 8* be the foci of any conic. Then the lines /89, 80' ^ 
ffdj 8^ffj all touch the curve, and if from ^, ff there be drawn 
tangents so as to form a circumscribing quadrilateral, two of the 
angular points of this quadrilateral are the foci 8^ 8\ What 
are the other two angular points ? Imaginary foci. For if they 
be cr, cr', then cr^, aff touch the curve, and therefore by making 
a origin, the equation to the curve can be put into the form 
aj* + y* s= e^T*. The directrix 7 is in this case imaginary. Similarly 
cr' is a point-circle having double contact with the curve* 

198- To find the fod of the conic ^ (xy) = 0. 

The tangents from the point xj/ are represented by 

F'-4Z7Cr' = (1) (Art 179). 

If the point ajy be without the curve these lines are a recti- 
linear hyperbola : if on the curve, a rectilinear parabola, if within 
the curve, a point-ellipse which (like all point-ellipses) is recti- 
linear, and, if the point be a focus, the lines are a point-circle. 
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Thus the conditions under which (1) represents a circle make 
the point a?'y' a focus. These conditions are, that the coefficient^ 
of ar* and y^ be equal and that the coefficient of xy vanish. 

Therefore since (1) is 
{x (aa?'+cy'+6') +y (cV+ Jy'+a )+. . .}*= ^' {ax^+hf+^cxy-^^, . .), 
the equations for determining the foci are 

Ex. Let Cr=^+|I-l. 
Then for a, 5, c, a', 6', c' we must write 
^,'y, -1,0,0, 0, 
so that the equations (2) become 

xy 
and -sjfi == 0, 

ab 

or a;*--y' = a'— i' and xy = (3). 

Thus the foci are in the axes of figure at the points 

±7^^^ 0, and ± '/W^^, 0. 

Of these points two 8, ff are real, and two cr, a imaginary, 
and in any conic the lines Sffy aa are real and at right 
angles. The equations (2) represent rectangular hyperbolas. In 
fact every conic which passes through the four foci of a conic is 
a rectangular hyperbola, since it passes through the intersections 
of two rectangular hyperbolas, viz. the axes of figure and the 
hyperbola whose vertices are the four foci. 

• Another form of (2) is 

dx dy dx * dy 



a 



T 
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In the case of the parabola three of the foci are at infinity, 
and from the equations (2) are deduced two linear equations 
determining the fourth focus. 

199. Conjhcal Conies. 
The equation 



;:i^ + ^ = i- -.(i), 



a' + X J* + X ' 

can, by giving a proper value to X, be made to represent any 
conic which is confocal with 

^+?=^ (2)-' 

(Observe that a* and V are not necessarily j^^mi^tre quantities : 
thus (2) may represent a hyperbola.) 

How many confocals to (2) can be drawn through a given 
point x'y*^ 

The equation for determining X is 
(X + a")(X + i")-(X + a")y*-(X + J*)a?^0 (3). 

Suppose c? algebraically greater than 6*, so that — oo, —a*, 
— J', + 00 , are in order of magnitude. 

The left-hand side of (3), when these four quantities are suc- 
cessively written for X, takes the signs +, +, — f +, and therefore 
changes sign (and so vanishes) for some value of X between — a' 
and — i', and for some value greater than — V. Thus (3) has 
real roots, and one of these roots makes X + a*, \ + V have 
different signs, while the other gives them the same sign. 
Hence through any given point there can be drawn two con- 
focals to a given conic, a confocal ellipse and a confocal hyper- 
bola. Of course if the given point be on the given conic, one of 
these confocals is the conic itself 

Again, confocals cut at right angles. For if x'y* be a com- 
mon point of (1) and (2), then by subtraction 

(a»+X)a»"'"(y + X)J«"^ '•••••(^)' 
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or, the tangent lines 

^ . yy t ^.yy* , 

are at right angles. In order that x%/ may be real, we see from , 
(4) that (a* + X) a' and (5* + X) V must have opposite signs : that 
is, the confocals most be of different species, one an ellipse, one 
a hyperbola. 

The equation y* = 4a (a? + a) can by varying a be made to 
represent any parabola having one real focus at the origin, and 
the other at infinity in direction of the axis of x. Thus two 
confocals can be drawn through a given point ; and these inter- 
sect at right angles, for in the equation y** = 4a (a?' + a) the 

2a • 
product of the values of —7 is — 1. 

200. Let a = 0, /8 = 0, 7 = be the equations to three 
lines forming a triangle of reference, and let these equations be 
so written that the triangle is on the positive side of each line. 
Then at any point in the plane of operations 

aa + ii8 + C7=2A. 

The equation to any conic can be thrown into the form 

w(3? + t?i8' + t(y + 2M'i87 + 2t/7a + 2t(;'ai8 = (1), 

in which w, v, vo^ u\ v\ to are constants. 

For let the sides G4, OB be made axes of x and y. Then 
the new equation to the curve must be of the form 

But the new x and y are (see Art 70) the old ^^9 ^m75* 
Therefore the old equation was 

which, made homogeneous, is 
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+ (i'ySsin C + lf asm C) ^??L±||±^) + 2 JV^a^S = ; 

and this bomogeneona equation is of the form (1). 

If the equatlonfl to tiiree lines not meeting in a point be 
i = 0, M^O, N=Of the equation to any conic can be thrown 
into the form 

,i* + v,M' + w,IP + 2u;MN'\- 2v;NL + 2w;LM^ (2), 

in whieh w^, ^^ w^y «/, v^ , w?/ are constants. 

For if a = 0, )3 = 0, 7= be the other forms of the linear 
equations, the equation to the curve takes the form (1). 

Now a, /8, 7 vary as i, Jf, K Therefore the equation (1) 
can be written in the form (2). 

201» By the method of Art. 179 (see Chap. v. Ex. 11) it 
qan be shewn that the equation 

a(wa' + w?'/8' + t;Y) + i8(tt?V + t7)S' + tt70 

+ 7(vV + tt'/8' + M^') = (1), 

or 

a'(tia + t(?'/8 + v'7)+i8(w'a + t?)8 + t*7) . 

+ 7 («^« + tt'^ + 107) * (2), 

represents the tangent at the point a'/8'7 or the polar of the 
point a'/Sy, and that the equation to the two tangents from affy 

is V^^^Uir (3), 

it being now understood that J7, U\ V stand for new expressions 
obtained by changing 

«> y» «, a', y', «\ a, *, c, a', b\ 0' 
to a, ^, 7, a', ^, y, u, i), w, w, <>', v/ 

respectively. 

I{ f(a/3y) denote the left side of the curve's equation, (1), (2) 
may be written 
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202. To find the pole of a given line 

&t + m^ + w7==0 (1). 

Let a'/9'7' be the pole; then equation (1) is identical with 

+ (vV + w'y3' + tt?7') 7 = 0. 

Hence the equations for determining the co-ordinates of the 
pole are 

ua+ w*^ + v^ _ w*a + vfi -{-u'y v*a + u'fi + toy 
I ~ m n ' 

or 1.^=1.^ = 1.^. 

I' da. m' dfi w ' dy^ 

■■ 208. To find the centre oftJie conic. 
The centre is the pole of the line at infinity, that is, of the 
line aa + J)8 + C7 = 0. 

Therefore the equations for determining the co-ordinates of the 
centre are 

ua + V)& + vy _ w*a + v^ + u'y _ v'a + u*l3 + vjy 
a ~ b c ' 



or 



a* da b* dS c* dy' 



204. If/ (a/87) = be jthe equation in a rational and integral 
form to a conic of which a/87 is the centre, then 

/(a/37)=/(^7) 

is the equation to the asymptotes. This result may be deduced 
firom Art. 174, or may be established thus: 
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The general equation to a conic having doable contact with 
f{afiy) along the line la+mff-^nry is (Art, 194), 

/(ay37) +X (Za + w/3 + n7)* = 0. 

If the line be the line at infinity, the equation becomes 

/ (0^/87) = a constant. 

Thus only one conic can be drawn through a given point a'/ffy' 
having double contact at infinity with the given conic /(a/8y) = 0, 
namely the conic 

/(«)9y)=/(a'/3V). 

The equation to the one such conic through the centre, that is^ 
to the asymptotes, is 

/(«/37)=/(a^7). 

205. The general equation to a conic circumscribing the 
triangle of reference iaf * ' ^ 

•5+^+r^ • '•^'^' 

For if the point A (that is the point when /8 = and 7 = 0) 
lie on the curve 

ux^-k-vff + ti?7*+ 2w'/8y + 2r 7^ + 2t(;'ai8 = .(2), 

then tt = 0. ^ 

Similarly if B and C lie on the curve, t; = and ti? = 0, and 
thus (2) is reduced to a form equivalent to (1). 

Writing (1) in the fomj Z/87+a(m7 + nj8) =0, we see that 
the points where the line mrf + nfi meets the conic lie in the two 
straight lines ^87 = 0. Now the mry + nff is drawn through the 
intersection of the lines fiy. Therefore those points coincide, or 
the line my + nl3 is the tangent at the point A. Similarly the 
lines na •\'lrfylfi-\- m% are tangents at B, C. 

206. If the circumscribing conic be a circle, then by 
Euclid III. 32 the three tangents must be the lines 
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7sm5 + )8sin (7, asin C7 + 7sin^, ^amA-^-amiS; ' 
hence 

I _ m ^ n ' «.'^_ ?? 

sin-4"sin5~siii (7* a "7 6 c' 

and the equation to the circumscribing circle is 

? + | + ^=o. 

oi P y 

Let /S=0 be the Cartesian equation to any particular circle. 
Then a form of the general equation to a circle is 

/S+4aj + £y + (7 = 0. 

. Thus a form of the general equation to a circle in Trilinears 

is a0y + hya + cal3 + L^a^M^^ + N^y = O, 

or afiy^ bya + cafi + (aa + i/3 -f 07) (Za + Jf^ + iVV) = 0. 

207. The line ia + if/8 + JV7 = touches the conic 

l^ + mya + nafi=^0, 
if, on combining the equations and eliminating y, the resulting 
equation give equal values of the ratio a : ^; that is, if 

Thus the conic is a parabola if 

a o c 
for all parabolas touch the line at infinity. 

208. To find the general equatim to a conic touching the 
three lines of reference. 

Jnf{a^y) = put a = 0. There results 

which is the equation* to the lines joining the point A to the 

points where SC meets the curve. If these lines coincide, that 

T. G. ^^ 
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is, if v!*^vWf ^(/touches the carve. Hence if the conic touch 
BG, CA, AB, 

2Jiif{afiy) = reduces to 

uo? + v^ + vr/ + 2^/vw.fiy + 2*^7^11. ya + 2»J^ 
Let ws=Z*, v=:m\ tv = n*; 

then we may write the equation in either of the forms 
Pfl? + w'/8' + nV - ^mnfiy - 2nSya- 2&nfl[^ = 0, 
i/fa + J^ + ^/n7 - 0. 

209. Thus the equation to the circle inscribed in the triangle 
t>f reference must be of the form 

Jla + Jm^ + Jnr/^0 (1) 

At A\ the point of contact with BC, a = 0, and therefore 
Jmfi + Jruy^=Oy or mfi^nrf\ 
that is, mii'(7sin (7 =n^'-B sin A 

But ^'0=-cot§, 

8 2 _ 

and A'B = — cot 



Thus 



and 



cos*- 
m 2 

C08»- 

m n 

r cos' — COS* • 



The equation to the inscribed circle is therefore 



cos — #70+ cos -- s/fi + coss-i/y = 0. 
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Similarly the equation to the escribed circle in the angle A 

is 

A , B ^ (7 .- 

cos — V-a + cos 2 VyS + cos -. V7 = 0. 

210. Since any straight line can be represented by equations 
of the form 

tt~tt' P-ff 7-7 ^ 

it follows that the equation for determining the length of a line 
drawn from the point a/87' *in direction ImrC to meet the curve 

is /(a' + Zr, /y + mr, 7' + wr) = 0, 

or /(aW ) + r {Z(wa' + w?')^ + i?V) + »» («?'»' + v/S' + u'i) 

^-n{v'a+u'^''^vyi)} + r\f{lmn)^0 (1) 

Thus the. equation to the diameter conjugate to chords in 
direction Imn is 

I {ua + w'P + v**y) + m (w'a + v/S + uy) 

+ n(t?'a+w'/3+tt;7)=0 (2) 

211. If the line be drawn parallel to the side BC^ the 
values of Z, m, n may be called 0, sin (7, — sin B. 

Suppose this line drawn from the centre ; then by geometry 
or by Art. 203 the coefficient of r vanishes, and the equation for 
determining r is 

/(aj87) + ry (0, sin 0, - sin 5) = 0. 

xnus r-- ^sin«t/ + ^sin«^-2w'sin5sin6\ 

Thus if r^i n, »*« be the lengths of central radii parallel to the 
sides of the triangle of reference, 

T T T 

13—2 
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Cor.. The conditions for a circle are 
vc* + ti?i' — 2w' Jc = w;a' + t^c" - 2t?'ca = wJ' + t?a' — 2w?'aft. 

212. Let Ay B, (7, JD be fonr points on a conic (see figure 
to Art. 78), and l^t the three pairs of lines which contain them 
all meet respectively in i, if, N. 

Then if MNmeet CD, AB in F, G, the ranges DFGL, A GBL 
are harmonic, for the lines MA, MN, MB, ML form a harmonic 
pencil (Art. 78). Therefore (Art. 179) the points F, G lie on 
the polar of L, or, MNis the polar of L. 

Similarly LNk the polar of If, and therefore (as in Art. 101; 
cf. Chap. XI. Ex. 35) LMis the polar of N. 

Thus of the three points L, M, iVeach is the pole of the line 
joining the other two. The three points are a conjugate triad 
with respect to the conic, and are a conjugate triad with respect 
to all conies passing through A, 5, G, D. 

As any two conies have four common points, real or imagi- 
nary, they have a conjugate triad. 

213. To determine the form of the equation to the conic when 
the vertices of the Priangle of reference are a conjugate triad. 

The equation to the polar of any point affr^' with respect to 
/(a/37) is 
a' {ua-^w^ + vV) +/3' (tr'a + v/S + w'y) + y (v'a + w'yS + w^) =0. 
Make /8' = and 7' = 0, this becomes 

wa + «<?'^ + t?7 = 0. 
If this line coincide with the line a, t;' = and v) =0. 
Similarly if B be the pole of CA, «?' = and u' = 0. 

Thus if the points u4, 5, (7 be a conjugate triad, the equation 
to the curve must be of the form 

The triangle of reference is said to be self conjugate, being 
its own copolar (Chap. vii. Ex. 8). 
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214. To find the condition that the curve {{affy) may be a 
rectangular hyperbola. 

The coefficients of a^ and y^ in the Cartesian equation must 
be equal and of opposite sign. The condition will be found to 
be, since the cosines of the angles )3 — 7, y — ^y a^ fi are the 
cosines of -4, J5, G, 

u + v + w + 2u' coaA + 2v' COS B + 2w' COS 0=0. 
In the case of the curve wa* + vl9^ + urf the condition is 

w + v + t^ = 0. 
In the case of the curve 

uPy + V 7a + w^afi = 
the condition is 

tt' cos -4 + V cos 3+ w cos (7= ; 

or, in geometrical language, the curve must pass through the 
orthocentre. 

215. In any conic if /SF, 8' Y be the pei^pendiculars from 
the foci on a tangent, SY . 8'Y = BG^. Therefore if a conic 
touch the lines 

a=0, i8 = 0, 7 = 0, S = , 

and a, ^, 7, By... a', ^, 7', S',... 

be the distances of 8, 8 from these lines, 

aa' = )8)8' = 77' = SS' = ... 

Thus, if the locus of /Sbe expressed homogeneously with refer- 
ence to the lines a, )8, 7, S,... the locus of 8' will be found by 
writing 

I I I n o 

-> "g> - ...lor 0, p, 7,... 

For example, if a parabola touch the three sides a, )8, 7 of 
a triangle of reference, since one focus is at infinity, or lies on the 
line 

aa + i)8 + 07 = 0. 
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the other focus must lie on the curve 

that is, on the circle which circumscribes the triangle. (Art. 206.) 



Examples on Chapter XII. 



1. Determine \ so that the equation 

may represent the two tangents from x'y' to the circle a?+y^—c\ 

2. Determine \ so that ?7=\F' (Art. 179) may represent 
the two tangents from x'y* to the conic U» 

Find the asymptotes of the conic aa? + 2bxy + c^ =/. . . (w). 

3. If the three pairs of sides of a triangle be asymptotes of 
three conies, then the three finitely*distant chords of intersection 
of the conies meet in a point. 

4. Prove geometrically that if a parabola touch the three 
sides of a triangle its focus lies on the circumscribing circle, and 

hence prove that the focus ^^ \/~ + \/x= ^ ^ ** *^ point 

determined by 

7 9 • ^ ax + hy 

ax = by, ar+y* + 2xy cos o) = — ^-^ , 

6> being the inclination of the axes. 

5. Prove that any point on the conic LM= IP can be de- 
fined by the equations fi^L = fjJi =^M, fi being an arbitrary con- 
stant, and find the equation to the chord joining the points fi, fjb\ 
Deduce the equation to the tangent at the point fi. 

6. rP, TQ are tangents to a conic and the bisector of the 
angle FTQ meets FQ in B. Prove that the segments of any 
chord through R subtend equal angles at T, 
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7. Find the equation to the conjugate axis of the curve 

8. Determine the foci of the parabolas 

9. How many confocals can be to a given conic so as to 
touch a given line? 

10. To any point ay on the conic 

-there corresponds a point aiy' upon the confocal 

a? «» 

such that 

and if the points P', Q on one conic correspond to P, Q on the 
other, then P^ = P'e. 

11. Form equations for determining the centres of the 
conies 

and deduce in each case the condition for a parabola. 

12. If ijla+jm^ + *jivy=^0 be a parabola, then the line 

_! 7_ 

na+lo lb + ma 

is a diameter (Ex. 11). Hence find the focus and prove that 
the directrix passes through the orthocentre of the triangle of 
reference. 

13. Prove both by Art. 205 and Art. 208 that if a conic 
touch J5(7, GA, AB in A\ B, G' the lines AA, BB, GC meet 
in a point and the respective intersections J5'C7', CA\ AB 
with -BC7, (LI, AB lie in a straight line. 
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14. Prove that the equation to a circle bisecting the sides 
of the triangle of reference is 

^.2_ + _i_+^i_ = (Art. 205). 
a be' 

15. A conic touches the three sides of a triangle and has 
one focus in a given straight line. Prove that the other focus 
lies on a conic described about the triangle. 

16. The semi-axes of an ellipse are a, h and the distances 
of its foci and centre from the lines a, ^inclined at an angle a> 
are a, )8, a', p\ a, )8. Prove that 

a + a' = 25, )8 + /3'=2)8, aa' = )8/3' = ft", 
(a-ay+03-)80' + 2(a-a')03-)8')cosG) = 4sin«ft)(a*-ft"). 

17. An ellipse of semi-axes a, ft slides between two straight 
lines inclined at an angle a>. Prove that the locus of the real 
foci referred to the two lines is 

./ ^ ft' Y / ft' Y 

\^x sin* ©/ V y sin* «/ 

+ 2 (aj r-j- ) (y ^-j— ) cos© = 4 (a*- ft'), 

and find the locus of the centre. 

18. A quadrilateral is inscribed in a conic and tangents are 
drawn at the angular points so as to form a circumscribing 
quadrilateral. Prove that the two quadrilaterals have a common 
intersection of diagonals^ 



CHAPTER XIII. 

MISCELLANEOUS THEOREMS AND METHODS. 

216. Pascal's Theorem. If a hexagon he inscribed in a 
Gonicj the three intersections of opposite sides will lie in a straight 
line. 

Take any six points on a conic section, and in anj order 
whatever, call them 1, 2, 3, 4, 5, 6 : then join them by six 
straight lines 12, 23, 34, 45, 56, 61, so as to form a hexagon of 
which the pairs of opposite angular. points are 1, 4; 2, 5; 3, 6, 
and the pairs of opposite sides 12, 45 ; 23, 56 ; 34, 61. Theii the 
three intersections of these pairs lie in a straight lie. By naming 
the six given points in different orders we have 60 hexagons 
which have the given points fi>r angular points ; and not more 
than one of these hexagons can be free from re-entrant angles* 
Pascal's Theorem is true for all. 

Let the equations to 12, 23, 34, 45, 56, 61 be respectively 
tt = 0, t; = 0, w = 0, w' = 0, v' = 0, w' = Oy and let« = be the 
equation to the diagonal 14. Then the given conic circum- 
scribes each of the quadrilaterals 1234, 3456, and therefore its 
equation can (Art. 194) be written in either of the forms 

uio + \vz=:0.,, (1), 

ttV+\V« = (2), 

X, V being constants. 

- Hence the expression uw + \vz is identically equal to. 

Jc{uw' + Xv'z), 

k being some constant. Therefore uw — hi'w is identical with 
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kX'vz-'XvZy or with {kXv' ^\v)z, and therefore breaks up into 
two linear factors ; and therefore the equations 

uw — Jcu'w' — O (3), 

{k\'v'-\v)z = (4), 

represent the same pair of straight lines, namely the line 14 and 
a line through the point where v, v meet (or 'the point t?t?"). 
These two lines, as we see from (3), contain the points uu\ ww\ 
which, not lying on the line 14, must therefore lie on the line 
through W. Thus the points W, W, ww' lie in a straight line. 

Ex. Let the points 2, 4, 6 coincide respectively with 1, 3, 5. 
Then the lines 12, 34, 56 become the tangents at 1, 3, 5, and the 
lines 23, 45, 61 become 13, 35, 51, and the theorem becomes the 
second theorem of Chap. xii. Ex. 13. 

217* Pascal's Theorem may be proved for the circle by 
means of the following lemma from Trigonometry (see Chap. v. 
Exs. 16, 18, 23). 

ij^ L, M, N Je points in the sides BC, CA, AB of a triangle 
etiher stick that AL, BM, CN meet in a pointy or such that LMN 
is a straight line; then 

BL CM AN 
CL'AM'BN"^^"'^**^" 

Conversely: Let L, M, N he taken in the sides of the triangle so 
that this eqtmtion is satisfied; then t)^ L, M, N lie one or all in the 
sides unprodticed, AL, BM, CN meet in a point, hut tjf L, M, N 
lie one or all in the sides produced, LMN is a straight line. 

For the alternate sides 12, 34, 56 of the hexagon inscribed in 
a circle form a triangle which has each of the remaining sides 
for a 'transversal.' Whence we get three equations like (a). 
Multiplying these together and making use of Euclid IIL 35, 36, 
we get another equation like (a), proving that the three intersec- 
tions 12, 45 ; 23, 56 ; 34, 61 lie in a transversal of the Same 
triangle. 

We shall presently shew how this theorem may be geometri- 
cally extended from the circle to the other conic sections. 
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218. If four fixed points be taken on a conic the anharmonic 
rixtio of the pencil formed hy joining them to any fifth point on iJie 
conic is constant. (See Chap. viL Ex, 12.) 

P 




C 

Let -4, B, C, D be the four fixed points, and let the equations 
to AB, BGy GD, DA be a = 0, )8 = 0, 7 = 0, S = 0. Then the 
equation to the conic is (Art. 194) of the form ay=^k.^B (1). 

Now the a of P is the altitude of the triangle having P 
for vertex and the chord AB for base, and therefore 
P^.PP sin ^PP 
AB ' 

and similarly we can express the )8, 7, S of P. Hence (1) asserts 

that 

sin ^PP sin^PP y 

sinCPP* sin CPZ>"' 
or that the anharmonic ratio of FA, PB, PC, PD is constant 

The symbol [P.ABGD] is used to denote the anharmonic 
ratio of the pencil PA, PB, PG, PD and [abed] to denote the 
anharmonic ratio of four points a, h, c, d lying on a straight line 
(or of the range ahcd). Let -4, P, G, D be as above and let ahcd 
be a transversal to the pencil. Then {P.ABGD} is constant 

219. We take one example of this theorem from Salmon^s 
Gonic Sections. 

If P be made to coincide with one of the given points, as A, 
the chord PA becomes the tangent at A, and the anharmonic 
ratio of the pencil is denoted by {A . ABGD], 
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Now let CO, 00 ' denote the points at infinity on the conic> so 
that if be the centre, a>, a>' are the asymptotes. Take oo, oo' 
for the points G and D, and make P coincide first with oo and 
next with «>'. Thus 

{ 00 . ^5 00 oo'} = { OD' . ^J5 00 oo'}. 

The lines oo-4, oojB are parallels to the asymptote Ooo: the 
line 00 oo is this asymptote, and the line oo oo' is altogether at 
infinity. 




Taking the line OA for the transversal, we have for a, &, c, d 

four points on the line OA^ viz. Ayh (where OA meets oojB), 

^ ^ J, ah ad , Ah Aco /. Acx^ 

0, 00,, and for ^^^ we have ^- ^, or j^smce 



IS 



'00. 



a ratio 



of equality! 



06- 



^ Similarly if oo'jB meet OA in V, the value of { oo' . AB op oo'} or 

[Ah oo 0} IS — =-, ^ --— or -77.. 
^ ' ^ oo^J 00 AO 

„ Ah AV , ^, . OA OV 
- Hence^ = 3^; and therefore ^=^. 

Thus any central radius of a hyperbola is a mean propor- 
tional between the central distances of the points where it is met 
by parallels to the asymptotes drawn firom any point on the 
hyperbola. 
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Orthogonal Projection. 

22p. Let P be a point in space and Pp the perpendicular 
from P to a given plane. Then the point p is the orthogonal 
projection of P on this plane. 

We shall use a large and small letter to denote a point and 
its projection. Thus if P move along a straight line ABC ,.., 
p moves along a straight line abc... similarly divided to ABC. 
That is, the projection of a straight line is a straight line simi- 
larly divided. So the projection of a curve QRS and chord Q8 
are a curve qrs and chord qs^ and when Qy S coincide, so do q, 8. 
Thus the tangent at Q projects into the tangent at q. A system 
of parallel straight lines projects into a system of parallel lines 
in one plane, and the lengths of finite parallel lines are by pro- 
jection altered in the same ratio. A pencil of lines PA, PB, PG^ 
PD becomes a pencil pa, pb, pc, pd of the same anharmonic ratio 
(for any transversal ABCD projects into a similarly divided 
transversal ahcd). A plane curve projects into a plane curve of 
.the. same degree. For let X, Fbe co-ordinates of P referred to 
OX, OY, and x, y those of^ referred to ox, oy. Then X^sXaJ, 
yr= fiy^ \ and fi being constants, so that the curve /(X, Y)^0 
projects into the curve^ (Xa;, fiy) = 0, which is of the same degree. 
A conic projects into a conic, an ellipse into an ellipse, a parabola 
into a parabola, a hyperbola into a hyperbola. 

A diameter, being the locus of the middle points of a series of 
parallel chords, projects into a diameter, and therefore the centre 
of a conic (being the intersection of two diameters) into the 
centre of the projection. A circumscribing parallelogram be- 
comes a circumscribing parallelogram.- 

In all this the lines of projection need not have been at right 
angles to the plane of projection, provided that they had been 
parallel. Such a projection had been oblique^ but our projection 
will be orthogonal. 

221. Let AA\ BS be the major and minor axis of an 
ellipse whose plane is inclined at an angle to the plane of 
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projection, the ellipse being so situated in its own plane that-BB' 
is parallel to the plane of projection. 

Then any ordinate PMib equal and parallel to its projection 

, am cum ca ■, , ^-^ 
i>^, and 2j^=2^^== ^, and cJ- (75. 




wi, PJT BO" _ 

Whence, as j^^ ^j^'^" ^q^, am.a'm^ad' 



= — j; so that the 



curve opa' iis an ellipse with centre c and semi-axes ca, cb {Art 
122). 

Also ca = cbf provided that GA cos = CB (or sin = e). 

Thvs any ellipse can he projected orthogonally into a circle 
equal to its own lesser atixiliary circle. 

And similarly a circle can be projected into an ellipse of any 
shape, and the circle will be equal to the greater auxiliary circle 
of the projection. 

This method is employed to reduce theorems on the ellipse 
to theorems on the circle. For instance, Ex. 27 of Chapter ix. 
can be translated thus: If jt? be perpendicular to a diameter jf>p' 
of a circle (whose centre is c), jv' =pv • tp\ and if the tangent 
at q meet cp in t, then cv.ct== cp\ 

1? GF* q^ . PV.VF pv.vp' 

222. If any point P move round the contour of a plane area, 
p will move round the contour of an area vhich will be equal to 
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the fonner area multiplied by the cosine of the angle between 
the planes of the areas. This is proved by dividing the two 
areas by planes indefinitely near to each other and perpendicular 
to the common section of the planes of the areas. Areas lying 
on parallel planes are proportional to their projections, even when 
these are oblique. 

Any projection made by parallel lines may be called isome^ 
tricaly as preserving unaltered the ratios of lengths measured 
in a common direction and the ratios of areas lying in parallel 
planes. 

223. The rules of this method of projection can also be 
established without geometry of three dimensions. 

For let a point Pbe referred to co-ordinate axes, and let the 
projection of P be defined as a point P in the plane of reference 
whose co-ordinates are obtained firom those of P by altering the 
a; of P a constant ratio, and the ^ in a constant ratio ; or, \ and ii 
being constants, let the projection of the point (a?, y) be defined 

as the point Tr-, ^J: then results may be obtained similar to 
those of Art. 221, the curve 4>ipy) = ^ projecting into 

^(Xoj, fiy) = 0. 

Thus, by making \ = - and /a = -, we project the ellipse 
-i + ^ = 1 into the circle a? +y* = c" (e. g, see fig. to Art. 123). 

By making X = - and /a = -V — 1, we project the hyperbola 

-5 — ^=1 into the same circle, and thus we may extend some 
results from the circle to the hyperbola. 



Ex. To find the equation to the tangent to the curve 
at the point x*j/» 
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Projecting the curve into a circle, we have to find the tan- 

OR ti 

gent to aj* + y* = c" at the point :r , •^. This is 



X. 



And this line is the projection of 



or of 



since 



X = - and /A = - V — 1. 



We can project a conic into any confocal. 



Sections of a Gone. 

224. Let a plane figure consisting of two straight lines ZVz, 
BVr inclined at an angle a revolve about one of the lines Zz. 
The surface generated is a ' right circular ' cone (or cone of revo- 
lution) with vertex Vz and axis Zzy and semi-vertical angle a. It 
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consists of two equal and similar branches, or semi-cones, which 
are infinite. Any plane meets this conical surface in a plane 
curve which, as we shall see, is a conic section in our sense of 
that term. For instance, all sections perpendicular to the axis 
are circles (Euclid, i. 26) centred in the axia, 

A plane section through V perpendicular to the axis is a 
point-circle. 

Let a section of the cone be made by any plane cr meeting 
the cone in a curve X. Through Zz draw a plane at right angles 
to cr meeting the cone in the ' generating lines ' Br, Rr\ the 
plane vr in the line AA\ and the curve \ in the points -4, A\ 
Through any point P of \ draw a plane perpendicular to Zz^ 
meeting FB, VR^ AA in a, a', Jf. This plane meets the cone 
in a circle of which axi is a diameter, and the common chord PF 
of the circle and X is (Euclid, xi. 19) perpendicular to the plane 
RVR and therefore to dd^ AA'. Thus aa!j and thereforie AA\ 
bisects P' at right angles, and therefore AA' divides \ sym- 
metrically. 

Now for all positions of P on X the ratios 





aM 


a'M 




AM' 


A'M 


are constant. 






T.G. 







14 
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Also (Eudid, iil. 35) PM*=aM.dM. 
Therefore ^j.j^ =■ aM.AM ^ * comi^r^i. 

Thus the locus of P is a * conic section ' of which AA' is the 
transverse axis. 

It A J A' lie on the same semi-cone, \ is an ellipse; if A, A' 
lie on diflFerent semi-cones, \ is a hyperbola. If -4' be at infinity, 
that is, if AA' be parallel to Br^ 

PM' aM.a'M 
AM" AM 

which is constant as -xw-and a' Mare constant. In this case the 
AM 

section is a parabola. 

Let Vffy VH^ be any two generating lines of the cone, and 
let VH^ move up to coincidence with VH, The points A, h^ 
where VHj VH^ meet any fixed plane section ultimately coincide 
and hh^ is ultimately a tangent at h to that section and therefore 
to the cone. Thus the plane VHH^ ultimately contains all 
the tangent lines that can be drawn to the cone at points of VH, 
and is the tangent plane to the cone * along VH' It is perpen- 
dicular to the plane VHZ^ since it contains tangent lines to 
circular sections and these tangent lines are perpendicular to 
737 and VZ. Thus the plane of the parabolic section aforesaid 
is parallel to the tangent plane along VR (Euclid, XL 18), for a 
line in the plane RVE perpendicular to the parabola's axis is 
perpendicular to both planes. 

225. In general, if spheres inscribed in the cone so as to 
touch m have 8^ 8' for their points of contact with cr, then 8^ 8' 
are foci of \. For the spheres have circles of contact with the 
cone, and if VP meet these circles in T, 2", TT is constant. 
But TT' = 8P±8'P (according as the section is an ellipse or 
a hyperbola), because the two tangents PTy P8 to one sphere are 
equal, as also the two tangents PT, P8' to the other sphere. 
Thus 8, 8 are foci of \. Again, the planes of contact meet «• 
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in the directrices. For let the plane of contact of the sphere 8 
meet VAy VA', AA' in n, w', E, and the plane vr in the line EK, 
and let a, a', be as before. Then EK being (Euclid, xi. 16) 
parallel to PM, ME is P's distance from EK. Now ME bears 




(Euclid, VI. 2) a constant ratio to <xn or PT or 8P, Thus the 

curve \ has S for focus and EK for directrix, the eccentricity 

-, . an An , . •, sin AEn 

bemg ^17^ or -r^, which = . 

^ ME AE* cos a 

Thus if e be the eccentricity of a section whose plane makes 
an angle with the planes of circular section, 

Qm0 
cos a 
If the section be a hyperbola the spheres are in different 
semi-cones. If the section be a parabola, AA' is parallel to a 
generating line Br and 8' is at infinity, but 8 is still the focus 
and E the foot of the directrix, as may be proved independently 
or inferred from continuity. 

14—2 
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226. It follows from the geometry of the triangle YAA! 
that AS. A' 8 (=* 8in*a . VA . VA) = the product of perpendiculars 
from A^ A! on Zz. Thus the semi-conjttgate axis is a meatipro^ 
portional between the distances of the extremities of the transverse 
axis from ike axis of the cone. 



Again, the semilatus-rectum for — j 



2sin'a.F^.7^' 
AA 

_ \xaa.VA.VA%m2oL 
AA 

2tana.AF-4^' 

AA 

s tan a x distance of V from the plane of section, 
and varies, therefore, as that distance. 

227. All parallel sections of the cone are similar and, if 
we maj apply the term to figures in different but parallel 
planes, similarly placed. Any line through F meets their planes 
in corresponding points. 

For let two generating lines YPp^ VQq and any line VCc 
through Fmeet two parallel planes of section in P, Q^ (7,p, j, c. 
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Then CPj GQ are parallel to cp^ cq (Euclid, Xi. 16), and there- 
fore the angles QCP^ gap are equal (xi. 10). And by similar 
triangles 

cp _ cV ^ cq 

Thus the curves PQy pq are similar and similarly placed, and 
Gy c, regarded in connexion with them, are corresponding points. 
Thus if (7 be the centre of PQ, c is the centre of pq^ and if GP^ 
GQ be conjugate semi-diameters, so are cp, cq. 

Let a section be- drawn through ant/ chord of the cone, and 
let PP' be the parallel diameter in the section, and QQ the con- 
jugate diameter. Then the plane VQQf bisects all chords in - 
the cone which are parallel to PP\ and the plane VPP bisects 
all chords parallel to Q(^. 

Again, if Oa, Ofi be asymptotes of any section, the asymp- 
totes of any parallel section are parallel to Oo, Ofi and lie in 
the planes VOa, VOfi. 

Among such asymptotes, by moving the plane of section 



parallel to itself up to F, we are enabled to reckon the lines Va^ 
F)9j, which constitute the section through V. 

228. From this section through V we may deduce the 
formula 

sin^ /i\ 

e = (1). 

cos a . 
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For kt a plane perpaidienlair to VZ meet FZ, FOj, V^^ in 




Fi Gf &y and let LL' a diameter of the circle bisect OG' in D. 
Then the: ecoentricity of the section OL^Vfi^ is the same as that of 
anj parallel section and 



= sec- 



Gva 



^ VG ^ VFBGcFVG ^ Bmd 
VD VFbqcFVD cos a* 

So long as we keep to the same circle LGL\ VG is con- 
stant and e x y^ • 

Suppose D to coincide with F. Then e = sec a and is the 
greatest possible. If D move from F towards L or L\ e con- 
tinuallj decreases, and when D reaches L or L' the lines VGy 
VG' coincide and the section is parabolic. When D has passed 
beyond the circle, the lines VG, VG' are no longer real (they 
are a point-ellipse), but the formula (1) still holds good. The 
section is now an ellipse whose eccentricity continually decreases 
through all proper fractions down to zero. The section is then 
a circle. 



229. Any given conic which is not rectilinear and whose 
eccentricity does not exceed sec a can be placed so as to coincide 
with some section of our cone. For let the given eccentricity 
be e. Draw a plane inclined to the planes of circular section 
at an angle sin"' (e cos a). This will meet the cone in a section 
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similar to the given conic : and by ptoperly choosing the dis- 
tahce of the plane from F we get a section of the right size*^ 

A given conic, once fitted to the cone, would be capable of 
revolving round the cone's axis without breaking its coincidence. 

We can of course cut from the cone two straight lines inter- 
secting at any angle less than a. 

If we wish for a section of greater eccentricity than sec a, we 
must take a cone of greater vertical angle. As the proposed 
eccentricity increases, this cone expands and tends to become two 
coincident planes. 

230. The eccentricity of a rectilinear conic may be am- 
biguous. Thus two straight lines intersecting at an angle )9 

are a hyperbola whose eccentricity is either sec^ or sec — ^-^ . 

Two parallel straight lines are either a parabola or an infinitely 
eccentric hyperbola. For they are the limit either of a parabola 
having a given axis and passing through a given point, or of 
a. hyperbola of given transverse axis and infinitely increased 
eccentricity. Two coincident lines are always parabolic. 

In any given straight line take a finite portion AA!* Describe 
an ellipse and hyperbola having AA' for transverse axis, and 
let their eccentricities approach indefinitely near to unity. The 
ellipse approaches to coincidence with the finite line AA\ the 
hyperbola to coincidence with the remaining infinite portion of 
the given line. 

231. If a circular section of the cone be fixed and the vertex 
move off to infinity, the cone becomes a right circular cylinder. 

The equation e = is now e = sin 0, Thus e can have 

^ cos a 

any value from to 1. 

A parabolic section consists of two parallel straight lines, 
the distance between which cannot exceed the diameter of the 
circular sections. 
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Oblique Cones. 

232. Let F be a given point, and A a given curve of the 
second degree lying in a plane 11, A straight line passing 
through V and A generates a cone which in general is not a 
cone of revolution, but an Mique cone. The curve A which 
-guides the moving line may be .called the directrix. 

All parallel sections of such a cone are similar and similarly 
placed (cf. Art. 227). Thus all sections by planes parallel to n 
are similar and similarly placed to A By making sections 
through the vertex V we may conclude d priori that sections 
meeting both semicones are hyperbolas and that sections parallel 
to a tangent plane are parabolas. But we shall directly prove 
that the section \ made by any plane «r is a conic. 

At any point P of X draw a section A^ by a plane 11^ parallel 
to n, and let PP be the common chord of \, A,,. 

As P moves along X, PP moves parallel to itself (Euclid, xi. 




16). In IIq draw a diameter DP bisecting PP in M. The 
plane VDD bisects all chords in the cone that are parallel to 
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PP and is fixed ; and, as P moyes, the line BD' moves parallel 
to itself in this fixed plane. (See Art. 227.) Therefore, if VD^ 
VU meet X in Qy Q^ all chords of X that are parallel to PP are 

bisected bj the line QQ^ and the ratios -ji^, 175^' *^® constant 

Again, if Ic . Blf be the length of that diameter in A which is 

P}P 

conjugate to DV ^ h is constant, and nji/ rij^f = ^- Therefore 

PM^ 
OM n'M ^ ^ constant (i'*), and so X is a conic in which QQ' is 

a diameter conjugate to PP. 

The cone maybe described with Fas vertex and the curve X 
as directrix. Indeed any curve drawn upon the cone so as to 
cross all the generating lines is a possible directrix. 

233. Let any section A^ be made by a plane IIj parallel to 11^, 
whiqh meets QQ' in a point M^ lying without X. Then if P^P^^ 
be the line in which IIj meets w, P^P/ is parallel to PP and 
therefore conjugate to QQ* : and if FJ5, VP meet IIj in 2)^, 2)/, 
the diameter JD^Z)/ of Aj is conjugate to P^P^j 2jA k . DJ)^ is 
the length of Aj's diameter parallel to PjP/. Also by similar 
triangles 

Let a line through V parallel to DP meet QQ' in N, and let 
BNP be parallel to PP. Then if ITj move up to F, the points 
Dj, D^ coincide, the section A^ becoming a point-section in the 
plane VHP ; and M^iseit N. And thus 

234. In the special case in which A is a circle, h^l and 
DP is perpendicular to PP. Thus VNia perpendicular to BR 
and = i' sIQN. Q'N. The section made by the plane VBP is a 
point-circle and the plane 11 is parallel to this plane. 

Hence, given any conic X and a line BP lying in its plane 
but not intersecting it, we can determine a point V, such that the 
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cone with vertex V and directrix X shall be met in a circle hy 
any plane parallel to the plane VRR, 

For draw a diameter QQ of X conjugate to RR and meetings 
RS in iV, and with centre Jf and radius ^Jld . QN.QN {k\ QQ' 
being the length of the diameter conjugate to QQ) describe a 
circle in a plane perpendicular to RE. The point V may be 
any point on this circle. 

Perspective Projection. 

235. Let F be a given point or vertex in space, and let «r 
be a given jp2an6 of projection. Let the line joining V to any 
point P meet w in p. Then p is the perspective projection of P 
on the plane -ex. Any system of points Py Q^R... has a perspec- 
tive projection (or picture) p, j, r ... on this plane. I£ P move 
along a straight line AB^ p moves along a straight line ab, 
which is the intersection of the planes -ex, VAB. 

Let ABy CD, ...he parallel straight lines which are to be 
projected. 




Through V draw a parallel Vq meeting isr in q. Then the 
planes VABy VCD, ... all pass through Vq, and therefore the 
lines aJ, cd, ... all pass through q. The point q (which is the 
projection of Q the point at infinity on the given parallels) is at 
an infinite distance (or, aJ, cd, ...are parallel) only when the 
lines AB, CDy . .. are parallel to w. 

A system of lines meeting in a poipt L project into parallels 
if -sr be parallel to FZ. If another system meet in if, and «• be 
taken parallel to the plane VLM^ the two systems project into two 
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sets of parallels. Thus, if i, M be two vertices of any quadri- 
lateral, the quadrilateral projects into a parallelogram on any 
plane parallel to VLM. The line LM is thus projected to in- 
finity. 

Curves, chords, tangents and points of contact project into 
curves, chords, tangents and points of contact. 

By Art. 232 the projection of a conic is another conic. 

The anharmonic ratio of a pencil PA, PB, PC, PD is un- 
altered by projection, for 

{P. ABGI)\ = {ABCD} = { F, ABGD} = { V. ahcd] 

= [abed] =a {p . aicd}. 
Thus if P be the pole of QE with reference to a conic, p is 
the pole of qr with reference to the conic's projection. If QB be 
projected to infinity, P is projected into the centre. 

By Art. 234, given any conic X and any line BR in its plane 
lying without it, we can choose F so as to project X into a circle 
and the line BE to infinity : or so as to project X into a circle 
and a given point (the pole of BR) in X's plane and within X into 
the centre of the circle. 

236. By simply projecting the conic into a circle we may 
extend many theorems on the circle to the other conic sections, 
as for instance those of Arts. 88, 89, 92, 101, and PascaPs 
Theorem. Such properties are called projective. 

Again, we may sometimes make with advantage a more 
liberal use of the method, as for instance to prove the theorem : 
If two triangles be aelf-conjugate mth regard to an ellipse^ their 
angular points lie in a conic. 

Let ABC, DEF be the two triangles. Project' to infinity that 
side EF of the triangle DEF which lies without the ellipse, and 
project the ellipse at the same time into a circle. Then d is the 
centre of the circle, and de, df are at right angles. Also abc is a 
triangle self-conjugate with regard to the circle. Thus da, db, 
dc are perpendicular to he, ca, ai, since the line joining the centre 
of a circle to the pole of a given straight line is perpendicular to 
the straight line. (Ferrers' Trilinear Co-ordinates.) 
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Now a conic passing through a, J, c, and the two points e,f 
at infinity will be a rectangular hyperbola, since its asymptotes 
are parallel to de^ df^ and will therefore pass through the ortho- 
centre of the triangle abcy that is, through d. Thus a, 5, c, c2, e^f 
lie on a conic, and therefore A^ J?, 0, D^ E, F\\t on a conic. 

237. When F moves off to infinity, the lines of projection 
become parallel and the projection isometrical. There is also 
an analytical view of the connection of the isometrical and per- 
spective methods*. 

Let AB be a fixed line of reference in a plane cr, and P, P' 
any points in the plane, and let PM, P*M be the perpendiculars 
from P, P' to AB. Then in the isometrical projection on a plane 
n, ^Mn, pW are not necessarily perpendicular to oJ, but if pn, 
pri be perpendicular to aJ, 

jpn __ pm ^ PM 



'» 



PM . 
and therefore is the same for all points in «r. 

Let -X", F be co-ordinates of P referred to AB as the axis of 
X, and to any other line in v as the axis o(yi x^y co-ordinates 
of p referred to any axes whatever in 11; and let X\ Y\ x\ y' be 
corresponding attributes of P': then if the line ah be denoted by 

PM ^ Y ^ pn ^ ax+by-^ c 
PW^T' ^^^"oaj' + jy + c' 

Y V 

so that 



ax + hy + c ax' + hy' + c^ 
Y 



and thus no motion of P in ^ affects 



ax + by + c' 



• Much of this Article ia due to Mr W. K. diflTord of Trinity CoUege, 
Cambridge. 
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Thus we maj assume 

T=A^ + B^+C, (1), 

J^, -B,, Cj, being the same for all points in -ex. 
Similarly we may assume 

X^A,x + Bj,^-G,: (2), 

-4j, 5j, (7j being the same for all points in -ex. 
Thus the curve ^ {XY) = projects into 

and the point XFinto a point xy determined by equations (1), (2). 

Again, let the projection be perspective, and let /Z, gn be 
the intersections of 11 with «r and with a plane through V 
parallel to w ; so that /?, gn are parallel. Let AMB be a line 
of reference in w, and let the plane VAB meet the planes w, Vgn 
in^, Vg. Then Vg is parallel to AB. 

Let P be any point in w, and PM a parallel to If^ and let 




P 

j>y pm be projections of P, PJf ; so that pmy PMy fl^ gn are 
parallel. 

Draw Ipn parallel to^. Then 

PM^VM^fff^gf 
pm Vm gm pn' 
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If P' be any other point in -ex, and letters be accented 
accordingly, 

p'm pn ' 
for Qy f do not change. Therefore 

PM P'M' 



pm -r- pn p 7H -^p n 

and is therefore not affected by any motion of P in w. 

Let X, r, X\ F' be co-ordinates of P, P' referred to AB 
as axis of X^ and to any other line in 'cj as axis of Y^ and 
^1 J/y ^y y co-ordinates of P, P' referred to any axes in 11, and 
Iet^,y7 referred to these last axes be 

Ix + my + w = 0, ^ + ^y + A = 0. 

Then 

PM Y 
P'M' ~ F' ' 



and 

Therefore 

being equal to 



pm _ Ix + my + n 
p'm! "" I'x + m'y + n ' 

pn _ fx + gy + h 
p'n' Jx'+ffr/ + h' 



Ix + my + n 



Y' 

Ix' + my' + n * 

is the same for all points in vr, and therefore 

Y_ Lp: + M,y + N, 

Lx + My-\-N 

Zf,, Jlfj, &c. being the same for all points in w. 



.(1). 
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Similarly 

^" L'x + My + N" 

Zf/, L\ &c. being the same for all points in w. 

Now i', Jf' , N' are, like L, M, N^ in the proportion of /,^, A, 
for however AJB be changed, gn does not change. 

Therefore we may assume 

L'^kL, M'^JcM, N'^kN, 

If then ij, ij, L^ denote 

K K K 

k' k ' k' 



Lx + My + N 



(2). 



AniitU, V, TT denote 
L^x^\■M^^f + N^, L^ + M^ + N^, Lx + My + Nz, 
^ (X, F) = projects into 

U V\ 



*(f' w)^^' 



and the point XY into a point ocy determined by the equations 
(1), (2). 

The line 

pX+g[Y+r = (3) 

projects into 

pU+qV + rW=0, 

which is at infiniiy if 

pL^+qL,+rL = 0\ .. 

pM^ + qM, + rM=0) ^ '' 

The conic 

oX'+jr» + c + 2o'F+26'X+2c'XF=0 (5) 
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projects into 

aTP + bV^ + cW' + 2a'rW+2VWU+2c'UV=0 (6). 

If ij, Jfj, ... be so chosen that (6) may be a circle and the 
conditions (4) be satisfied, then the given conic is projected into 
a circle and at the same time a given line to infinity. Theo- 
retically the analytical operation is always possible, but our 
previous geometrical experience (Art. 234) assures us, that if the 
line cut the conic in real points the values of X, Jf, ... cannot 
be all real. When the projection is isometrical, L, ilf are zero. 



The Method of Redprocal Polars. 
238. Let P be any point, and P its polar with regard 



to a given conic section. Then if P move to some new position 
Qy P' will move to some new position Q. Also the- point in 
which P', Q intersect, or *the point (P', C'),' will be the pole 
of the line PQ (cf. Art. 101). From Q let the moving point 
pass to jB and the moving line to R. Then the point {Q\ B') 
is the pole of the line QR, And so on. 

Ultimately, when the stages of the point's motion are indefi- 
nitely small, we have two curves, one described by the point 
and the other by the intersection of consecutive lines. To the 
first curve PQ is ultimately a tangent at P, and to the second 
curve P' is ultimately a tangent at the ultimate position of (P', Q) 
(Art. 83 : for the points in which P' is met by its predecessor 
and by Q are ultimately on the second curve). 

Since then, in the rectilinear figures, P and PQ have their 
correspondents P' and (P, Q), we see that in the curves a point and 
its tangent have a corresponding tangent and point of contact. 
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From the reciprocity of their relation the curves are called 
reciprocal polars with respect to the given conic. 

Call the curves A, A\ and let tp, tq be two tangents to A at 
Pj q. Then corresponding to p, q, the chord pq, the tangents pt^ 





qt, and their intersection t, the curve A has the tangents p, q, 
their point of intersection {p\ q'), the points of contact {p\ t')y 
(£y f), and the chord of contact t\ 

Thus two tangents and a chord of contact * reciprocate into ' 
two tangents and a chord of contact, though not respectively. 

239. If a point P move along a straight line Q, its polar P' 
passes through a fixed point Q'*, If P describe a curve, P* en- 
velopes a curve. 

Corresponding to a triangle XYZ we have a triangle with 
sides X'y Y\ Z\ and by taking the right positions for X, F, Z 
we can thus produce any cppolar triangle. 

If the curve A circumscribe a triangle, the curve -4' touches 
the three sides of the copolar triangle, and if A touch the three 
sides of a triangle, A circumscribes the copolar triangle. 

The reciprocal of a conic section with respect to a conic 
section is also a conic section. For draw analytically any tan- 
gent to the first curve and take its pole with regard to the 
second : the locus of this pole will be found to be of the second 
degree. 

To a conjugate triad FOS corresponds a conjugate triad. 
For if GH is the chord of contact to F, the point (©', FL') has F' 
for its chord of contact, &c. 

240. Now let us take the theorem : If there he two triangles 
ABC, abc, siLch that Aa, Bb, Cc meet in a pointy then the points 

* On the working notation of this subject compare a suggestive uote in Ferrers' 
TrUinear Co-ordinates, Chap. vi. 

T. G. 15 
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(BC, be), (CA, ca), (AB, ab) lie in a straight line (1). By the 
method of Keciproeal Polars we can deduce another theorem 
from this. 

For, reciprocating with respect to any conic, we have, for 
the triangles ^£(7, dbc such that ..., two triangles with sides 
A', B', C, a', b', c', such that (A', a'), (B', V), (C, c') lie in 
a straight line. Also for the points {BCy be), &c., we have the 
lines joining (B', C), (V, c'), &c. These three lines therefore 
meet in a point. 

Therefore, ijT there he two triangles such that the intersections 
of corresponding sides he in a straight line, the lines joining cor- 
responding vertices meet in a point. (2) 

The generality of (2) is fairly established : for any case of 
(2)'s hypothesis has by reciprocation a corresponding case of 
(l)'s hypothesis, and (l)'s conclusion, following that case, draws 
after it the conclusion of (2). 

241. When the conic of reference is a circle, one of the 
angles between any two lines is equal to the angle subtended at 
the centre of the circle by their poles. Thus if two lines be at 
right angles their poles subtend a right angle at the centre, and 
conversely. 

Take now the theorem : * The circles described on the three 
diagonals of any quadrilateral have a common chord.' This, 
first expressed in the form * At a point where two diagonals A (7, 
BD of a quadrilateral ABGD subtend a right angle the third 
diagonal also subtends a right angle,' can be translated into a 
much simpler but equivalent theorem. For reciprocate with 
respect to a circle centred at the point, or (as we say) * reciprocate 
with respect to the point.' The result is found to be : 

If -4', B\ C?', i)' be four lines such that A' is at right angles 
to 0', and JS' at right angles to i/; then the line joining the 
points {A\ jB'), (C, U) is at right angles to the line joining 
the points {A\ D), {B', C) ; which is the first theorem of 
Art. 53. 
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242, Our curve of reference will henceforth be a circle 
and the centre of this circle of reference will be called sim- 
ply * the centre,' and if k be its radius, we shall say that A* is 
the * constant of reciprocation,' suppressing ^11 mention of the 
circle of reference. The reciprocal X' of a curve X with respect 







to a point can be found in two ways. For take any point P 
in \, and in OP take y, so that OP . Oy = i*. Then \' is the 
envelope of a line through y perpendicular to Op, Again, draw 
OY perpendicular to the tangent to X at P, and in OF take p 
so that Op . OY—1^, Then V is the locus of p. 

Also as the angle Oyp is a right angle (Euclid vr. 6), ^ is 
the point where the aforesaid line through y touches its envelope 
X'. If X be a conic, so is X'. 

If OL, OM be tangents from to X, then the line 0' is at 
infinity, and Z', M' are asymptotes to X'. 

Hence if be within X, since Oi, OM cannot be drawn, 
L'y M* are imaginary, and X' is an ellipse. If be without X, 
the asymptotes of X' are real and X' is a hyperbola. If X pass 
through 0, X' touches the line at infinity and is a parabola. 

243. Let P be the pole of the tangent P' to a given circle at 
any point q. Then OP meets P* at right angles, say in N, and 
OP. 0N^¥, Draw PM at right angles to i>'s polar (which 

15—2 
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is a line ilfX perpendicular to OD and such that OD. 0X= F). 
Then (Art 101) 

P{D)_0{D) 

B[P)~o{py 

PMOXOP 
Dq ~ 0N~ OD' 

PM_p 
F0~ c' 



or 



whence 

Thus X' is a conic section having for focus and the polar of 
D for directrix ; and the eccentricity of X' is - . The «emi-latus 

c A* 

rectum is -. OX or — . Thus the formulae for the 'elements' 

P P 

of the conic are 

From the tangents at E^ F we derive the vertices of the conic. 
Thus the centre of the conic is at a distance 



- — ; — + or -J jf from 0. 

nptotes are lii 
the tangents from to 8. 



2 vc 4- p c — p/ c — p' 

The asymptotes are lines through this point perpendicular to 
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The reciprocal of a conic with respect to its focus is a circle 
whose centre is the pole of the directrix and whose radius is 
inversely proportional to the latus rectum. 

244, As another example of the method of reciprocal polars 
we shall solve the problem : 

* A triangle is inscribed in a given conic so that the focus is 
the centre of the triangle's inscribed circle. Find the radius of 
this circle.' (Senate-House Problems, 1862.) 

Eeciprocating the supposed con&truetion with respect to the 

focus 0, we have for the conic a circle of radius -y- whose 

centre 0' is such that 00' = -^ (EcLuations- 1, 2 of Art. 243); 

for the triangle a triangle described about this circle, and for the 
circle a circle described about the new triangle with centre 

and radius — , if a? be the quantity sought. 

Thus 0, O arCf centres of the inscribed and circumscribed 
circles of the new triangle, and therefore by Trigonometry 

\xl X I 
Thus /;). = fi)_l or aj = . ^ 



0)'=©'-: 



xT 1 + vTTe*-* 

245. If four straight lines meet in a point, their poles lie 
in a straight line. Also the anharmonic ratio of the lines is 
equal to that of the points. 

For let a, J, c, rf be poles of the four lines PA, PB, PC, PR 
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Then the angles OAP^ OBPy OOP, ODPsiTe right angles, and 
the angles AOB, BOG, GOD are (Euclid in, 21) equal to 
the angles APB, BPGy GPD. Thus the anharmonic ratio of the 
four lines through P is equal that of the four lines through O, 
which is that of a, i, c, d (Art. 65). 

By projection we extend this theorem to cases in which the 
curve of reference is any conic. 

And by reciprocating the theorem of Art. 218, we see that 
any tangent to a conic is cut by four fixed tangents in points 
whose anharmonic ratio is constant. 



Examples on Chapter XIII. 

1. Given five points on a conic, find by a geometrical con- 
struction the tangent at any one of them. 

2. If A, B, G, D be four fixed points and P a point such 
that {P.ABGD] is constant, the locus of P is a conic through 
A, B, C, D. 

3. Hence prove that if two triangles circumscribe a conic, 
their angular points lie in another conic, 

4. Apply the method of orthogonal projection to Exs. 17, 
18, 20, 31, 32, 41, 51 of Chap. IX. 

5. The equation to a curve referred to any triangle in its 
plane is ^ {o-^i) = 0, and the equation to the projection of the 
curve referred to a triangle in the plane of projection is '\lr(afiy)=0. 
Prove that if a'/Sy be the projection of any point a^ in the first 
plane, 

ir (a'/SV) 

is constant for all points and for all triangles of reference in 
the first plane. 

6. The sectorial areas included by the lines y = 0, y = mx 
and the curve -! + C = 1 are each f tan"^^. 
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7. The area common to the circle aj" +y* = 2 and the ellipse 
a;»+3/=3is|(4 + 3V2). 

8. No parallelogram circumscribing a given ellipse has a 
smaller area than one of those formed by tangents at the extre- 
mities of conjugate diameters. 

9. In the ellipse the area of a sector whose bounding radii 
are conjugate semi-diameters is constant. 

10. A chord is drawn to a given ellipse so as to cut off a 
constant area. Prove that this chord touches at its middle 
point a similar and similarly placed concentric ellipse. 

11. rP, TQ are tangents to an ellipse whose centre is G. 
Prove that the points T, P, C, Q lie in a similar and similarly 
placed ellipse. 

12. A plane section of a right cone being given, the locus 
of the vertex is a conic whose foci are the extremities of the 
transverse axis of the section (Arts. 122, 145, 225). 

13. Prove that a section of the cone in Art. 232 parallel to 
a tangent plane is a parabola. 

Also investigate independently that case of Art. 232 in which 
A is a parabola. 

14. From a point V a perpendicular VN is drawn to a 
given plane, in which lies a circle of centre G, NA GB being the 
diameter through N. 

Prove that the cone whose vertex is V and directrix this 

circle can have no section of greater eccentricity than sec — r — , 

and that if VN' be drawn in the plane VAB making the same 
angles with VA, VB that VN makes with FP, VA, sections by 
planes at right angles to VN* are circles. 

15. Prove by projection the Theorem of Chap. V. Ex. 22. 
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16. Given four points on a conic, the locos of the pole of a 
given line is a conic passing through the four points (Chap. xi. 
Ex. 37). 

17. Apply perspective projection ta Pascal's Theorem. 
Are all possible cases of the theorem accounted for in this proof? 

18. Assuming the proposition of Chap. v. Ex. 23, deduce 
the converse, 

19. Deduce a property of the circle from Euclid iii. 31. 

20. Prove from the properties of the circle that if parallel 
tangents be drawn to a conic the rectangle under their distances 
from the focus is constant. 

21. Into what does the normal to a curve at a given point 
reciprocate? and what answers to a pair of conjugate diameters 
of a conic when the conic is reciprocated into a circle ? 

22. Translate Chap. viii. Ex. 30 and Chap. x. Ex. 40 into 
propositions on the circle, and Chap* x. Ex. 30 into a propo- 
sition on the parabola. 

Deduce from the circle the parabolic property in Chap. xii. 
Ex 12. 

23. If six tangents 1, 2, 3, 4, 5, 6 be drawn to a conic, the 
lines joining the points 12, 23, 34 respectively to the points 45, 
56y 61 meet in a point (Brianchon's Theorem). 

24. Confocal parabolas which have their axes coincident 
intersect at right angles if they intersect at all, and the focal 
distance of a point of intersection is an arithmetic mean between 
the semilatera recta.. 



CHAPTER XIV. 

CURVES OF HIGHEB DEGREES. 

246. It has been implied in Arts. 21, 54, 100, 103, 177, that 
Analytical Geometry can deal with curves whose equations are of 
higher degrees than the second. Such equations have also ap- 
peared in the examples, as results of experiment in cases where 
loci had to be found, as for instance in Exs. 12, 13 of Chap. viii. 

In Ex. 7 of Chap. vii. four equations were given as subjects 
for the application of Art. 100. Of these (1), (2), (4) are of the 

2nd, 3rd, and 6th degrees. The equation - = sinT-, like all 

equations that cannot be reduced to an algebraic form that is 
finite, rational, and integral, is called transcendental, 

247. It is convenient to notice here certain properties of 
algebraic equations. The symbol = is a modification of = and 
denotes identical equality, so that if we use /(a?) as an abbrevia- 
tion for some expression involving a?, we say that /(a?) = that 
expression. 

Let f(x) =pX +p,af*-' •Vp^'^+... +pn = (1) 

be an equation of the n^ degree involving one variable x. This 
equation has n roots real or imaginary. 

If imaginary roots occur, they occur in pairs: e.g. if 
3 + 5 V— 1 be a root occurring 7 times, 3 — 5 V^ is also a root 
and occurs 7 times. If n be odd, there is one real root at least. 
Also if a root a occur r times, f{x) is divisible by (x — a)**. 
And generally, if a^, a, ... a„ be the roots, 

fix) ^p, (a?- aj {x-a;) ... (a?- a„). 
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Thus a- + a.+ ,.. + o, = -^S and ai(7, ... a,= (-1)" ^. 

Po Po 

If p^= 0, one of the roots is zero. If p^^ = 0, two of the 
roots are zero. If the lowest power of x in the equation be the 
r"*, r of the roots are zero. 

Again, - is found from the equation 

•2/ 

in which, if jt?o> J^i> ••• />r_i vanish, r roots are zero. Thus, if the 
coefBcients of the r highest powers of x in (1) be indefinitely di- 
minished, r of the roots become infinite. Any quadratic equation 
may be looked on as a cubic equation with an infinite root. 

248. When we use a functional notation, such as /(a?), 
^ (a;, y) and the like, it is to be understood, unless the contrary 
be stated, that the function is algebraic, rational and integral. 
Also a factor of a function is understood to involve a variable. 
Thus we do not say that 2a?' + 4^ — 6 breaks up into two factors, 
although 2 divides each coefiicient. 

Let ^ (a?, y) = be an equation of the n*** degree in two vari- 
ables a;, y. It is a proper equation of the n^ degree or an im- 
proper equation of the ri^ degree according as j> (a?, y) does not 
or does break up into factors. Thus 

xy = a? + y — 2 
is a proper equation of the second degree, and 

jcy = a? + y — 1 
is an improper equation of the second degree. 

249. To find all the pairs of values of x and y which satisfy 
the simultaneous independent equations 

<l>{x,!/) = (1), 

Ax + Bif + CI=-0 (2), 
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we may eliminate y and determine the values of x from tlie result- 
ing equation 

^(-'-^)=« (3)- 

If (1) be of the ri^ degree, so is (3). Thus there are n values 
of aj, real or imj^ginary, and for each value of x the linear equa- 
tion (2) gives the value of y. The number of solutions of the 
system (1), (2) is therefore n. 

If Ax+B^ + G had been a factor of ^ (a?, y) = 0, then (1), 
(2) would not have been independent, and (3) would have been 
an identical equation. 

250. If ^ (a?, y) = (1), ^ (x, y) =0 (2) be simul- 

taneous independent equations of the m^ and vt^ degrees, the 
number of solutions, real or imaginary, of the system is mn. 
The equations are certainly independent if each be proper ; they 
may be independent though each be improper: but if -^ (a?, y), 
^(a?, y) have a common factor, the number of solutions is 
infinite ; for any pair of values of as, y which make that factor 
vanish are a solution. 

251. Eetuming to Art. 249, we see that the straight line 
represented by (2), if it be no part of the curve represented by 
(1), intersects that curve in n points, real or imaginary. If two 
values of x in (3) be the same quantity a, two of the n points 

(Art A- C^\ 
a, D — )• Thus either the line 

touches the curve at this point, or the point is a double point 
on the curve (see Art. 83). 

If r values of x in (3) be a, the point [ «, ^J" ) may 

be a multiple point of the r^ order. 

If P be a multiple point of the 5th order on a curve of the 
11th degree, a line drawn through P will in general meet the 
curve in 6 other points, real or imaginary. Suppose the line 
moved about P to a position in which 4 of these 6 points have 
moved up to P. Then the line has contact of the 4th order 
with the curve at P, and meets the curve in two other points. 
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If r values of x in (3) be a, the point P may be a multiple 
point of the r***, (r-r- !)**»... 3rd, or 2nd orders, or may be no 
multiple point at all ; and in these several cases the line is no 
tangent, or has contact of the 1st, 2nd... (r — 2)*** or (r — 1)*^ 
orders with the curve, respectively. 

252. Again, the curves represented by the independent 
equations (1), (2) of Art. 250 have mn common points, real or 
imaginary. 

Suppose one curve to pass through a multiple point (a, /S) of 
the J?*** order on the other, then p of the solutions of (1), (2) are 
^ = a> y — P' If the point (a, yS) be a multiple point of the^*** 
order on one curve and the g** order on the other, then since 
each branch of the second curve meets the first curve in p coinci- 
dent points, tTie point (a, yS) counts as pq intersections, and pq 
'solutions of (1), (2) are a? = a, y = yS. K the curves have contact 
of the r^ order at (a, yS), then r + 1 solutions of (1), (2) are a? = a, 
y = yS. For instance, if P, Q, R be three points on a curve, and 
if, P remaining fixed, Q, R move up to coincidence with P, the 
circle PQB becomes ultimately the circle of curvature at P. 
Since we may suppose ^'s motion to be completed before 5's 
motion begins, a circle passing through B and always touching 
the curve at P will be the circle of curvature at P when B 
has moved up to P. 

Or, since two touching curves have a common tangent at the 
point of contact, we may substitute for the words * touching the 
curve at P,' touching at P the tangent to the curve at P. 

253. If the curve F{xy) = pass through the origin, then 
since ^(0, 0) = 0, there is no constant term in F{xy). Suppose 
F{xy) =(zx'\-by + terms of 2, 3 ... 7> dimensions {which we may 
denote by ^al^^)* 08,(^) ••• ^»(^)}- Then the polar equa- 
tion is 

= (aZ+ hm) r + <l>^ {lm).7^+<l>^ {Im) r* + ... 

+ <l>n{hn)r\ (1). 

This equation determines the n values of the radius vector 
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drawn in any given direction [Z, m]. Two values of r are 
zero if 

aZ + J7w = (2), . 

That is, (2) is the polar equation to the tangent at the origin. 
The Cartesian equation is 

ax-Vhy^ 0, 

If a and h be zero, then for any given direction two of the 
roots of (1) are zero, that is, the origin is a dovbh point. If 
however we move the radius vector into a position in which 

^s(Z.'") = (3), 

then a third value of r becomes zero, and the vector-line is a 
tangent. That is, (3) is the polar equation to the tangent-lines 
at the origin. The Cartesian equation is 

And generally, if 

= 0^ (xy) + terms of higher dimensions + . . . + ^„ {xy) 

be the equation to the curve, the origin is a multvph point of 
the r* order, and the r tangent lines at the origin are given by 
the equation 

This is the principle enunciated in Art 10(X 

254 Let the terms of lowest dimensions in an equa- 
tion be 

^iB' + By + 2azjy, 

so that the origin is a double point. The tangents at the 
origin are 

li (P > AB, these tangents are real. If (7* = AB they 
coincide, and the origin is a cusp. If (7* < AB they are ima- 
ginary, and the origin is a conjugate (or isolated) point on the 
curve. 

To determine the nature of a curve at any point we have 
only to transfer the origin to that point. 
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Ex. The curve 

has a treble point at aj = 0, y = l, since when that point is 
origin the equation is 

x(a:p-y)+y=o. 

255. To find the circle of curvature of the curve 
= aaj+ 5y + ^a^'H- %'+ 2Cicy + ... + 03 + <^,+ ... ^^...(1) 
at the origin. 

Let 0) be the angle between the axes. 
The equation 

= aa; + Jy + \(aj*+2icy cosw + y*) (2) 

, can by varying \ be made to represent any circle touching (1) 
at the origin. 

Now all values of x and y which satisfy (I) and (2) satisfy 
0= (^ - X) »»+ (5-\) y^+ 2 ((7- Xcoso)) ajy 

+ <^3 + <^4+- + <^« (3). 

Therefore (3) represents a curve passing through the common 
points of (1) and (2). Two of these common points are at (9, 
• and accordingly, is a double point on (3). A third common- 
point will be at 0, or (3) will be (l)'s circle of curvature, if 
oo? + Jy = be one of the tangents to (3) at 0. That is, if 
5 : — a be one of the values of a? : y in 

(^ - \) aj" + (J5- X) y + 2 ((7- X cos g>) ajy = 0, 

or, if 

'"a^+6*+2a6cosa)' 

then the centre and radius of the circle can be found. If « = — , 
the centre of curvature is at 

X _^y cf-vV 



a b" 2{Ab' + Ba''-2Cab)' 
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and the radius of curvature is 

The radius of curvature at any point of any algebraic curve 
is found by transferring the origin to the point*. 

256. The equation for determining the length r of a line 
drawn in direction [I, m] from the point hk to meet the curve 

f{Xy y) = -4^0?"+ AjX^'^if + . . . + -4^* + terms of lower dimensions 

...+ax + by + c==0 (1), 

is found by writing h + lr, k+mr for a;, y in (1). This equation 
is of the n^ degree in r. The coefficient of r* is 

or ^'{l,m), if <l> (a?, y) denote the terms of highest dimensions in 
(1). The coefficients of lower powers of r may involve A, k as 
well as I, m. The constant term is f{hy k). Thus we may 
write the equation for determining r 

r".<^(Z,«i) + r^"'.'^i(Z, m, A, A?) + r^"^ V^j (Z, m, h,k) + ... 

+ 7ir,_, {I, m, h, k) +f{h, k)=0 (2). 

Of course some of the coefficients '^i, '^a ••• V^n-i ^^7 ^^ 
zero. 

• When the origin is transferred to the point xy of the curve <p (xy) = 0, the 
equation becomes, X, Y being current co-ordinates, ^(X+a!, y+y) = 0, or, 
since 4> (a5y)=0, 

0=xf+T^ + ^.^ + XT^+^f4+U«mB of higher dimensions in 
dx dy 2 cbr axcty 2 ay^ 

X,Y. 

Thus the radius of curvature of i>(xy) = at the point xy, the axes being 
rectangular, is 



m'*m' 



\dy) ■ dx^ \dx) ' dy^ dx * dy ' dxdy 
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The product of the values of r is (- 1)\/^^J . Thus if 

P, P' be two points icy, x*y' from which are drawn parallel 
lines meeting the curve in Q^j ft, ... ft and ft', ft', ... Q^ 
respectively, 

PQ,.PQ,...PQ, _ f{xy) 

The f{xy) of any point varies, therefore, as the product of 
the n radii drawn from the point in a given direction to meet 
the curve. When a point crosses the curve its/ (a?y) changes 
sign (compare Arts. 176, 177). 

257. Let be a double point in a curve where the branches 
AOB, GOD cut each other. These divide the space about 




into four compartments, AOD^ DOB^ BOG, GO A. A point 
crossing the curve at crosses either between the first and 
third compartments, or between the second and fourth, or tan- 
gentially. 

In the first cases the point crosses the curve twice and there- 
fore its <l> [xy) does not change sign : that is, ^ {xy) has the same 
sign in A OD as in BOG, and the same sign in DOB as in GO A. 
The third case shews that these signs are opposite. 

Thus on a given line through the function /(a?y) is gene- 
rally a maximum or minimum at 0, and, in keeping with this, 
at the point 

^ = ^ = 0. 
dx ' dy 
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258. A point of inflexion on a curve is a point where the 
curve both touches and crosses the tangent line. 




If P be such a point, then of the points in which the curve is 
met by a line RPQ diflfering slightly in position from the tan- 
gent at P, two points 5, Q are near to P, and move up to coin- 
cidence with P as BPQ moves into the tangential position VPU. 
Thus if the line Ax + By+ G touch the curve <(> {pcy) at a point 
of inflexion x^y^ , three roots of the equation 

Ax+G^ 



./ Ax+G\ . 
*(^' 5— j = ^ 



are x^. The converse, however, is not necessarily true. Of the 
curves a? = cfy^ af^ay^y the first only has a point of inflexion at 
the origin. 

259. If a curve of the third order have three points of in- 
flexion, they lie on a straight line. 

For let D,E,F\}Q the three points, and BG, GA, AB the 
tangents at them. And let xjf^^ a;,y,, x^^ be the co-ordinates 
of Ay P, (7, the equation to the curve being j> (a?, y) = 0. Then 
by Art. 253 

BD.BD. BD . „ f(a?,v,) 

GD.GD.GD ^^°^^"^^"y = 7^) • 

Similarly (-xg) > \bw) "® numerically equal to Jr \ > 

-^, and so ^ . ^. ;gp= 1, and as the curve can only 

once cross a given side of the triangle -4, P, (7, the points i>, -E, F 
T. G. 16 
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lie all or one in the sides produced, and therefore -D, E, F lie in 
a straight line (of. Art. 217). 

260. We return to equation (2) of Art. 256. 

Suppose that when the line is drawn in direction \l^ 7n J two 
of the values of r are r^. It does not follow that the line 
aj — A_y — i 

h "~^ 
Umchea the curve at the point [h^-l^r^, 1c-\-m^r^^ for that point 
may be a double point. 

Again, if the direction [\/Lt] be such that <^ (\, fi) is zero, one 
value of r is infinite. By giving to the ratio I : m any one of 
the n values determined from the equation ^ (Z, m) = 0, we ob- 
tain a line — j— =^— — meeting the curve in n points, of which 

one is at infinity. For instance, the lines ^ (ary) ='0, which 
are all drawn through the origin, are the directions of * the points 
at infinity ' on the curve. 

Suppose both ^ (X/i) and -^^ (\, /a, A, Ic) to be zero. Then two 
values of r in the equation for r will be infinite, and of the n 

points in which the line — r- — ^- meets the curve, two 

will be at infinity. It does not follow that the line touches 
the curve at infinity, or in other words, that the line is an 
asymptote, for the curve may have a double point at infinity. 
For instance, let 

so that the equation for r is 

Pw* . / 4- 2Zm (Zfc 4- wA) r* 

+ {(Zfc4-»n/0*+(2AA-a^-J')?7n}[r» (1), 

+ (?A; + mA)(2A&-a'-i*)r+(AA;-a'^(A;fc-J^)=0. 

If we write 1, for Z, w, that is, if we draw the line parallel 
to the axis of ar, this equation becomes 

0.r^ + 0.r» + A:*.rV^(2A*-a*-&')r 

+ (M-a*) {Jih^W) =0 (2); 
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but the line i/ — k = is not an asymptote; For the curve is 
not a proper curve of the 4th degree, but consists of the two 
hyperbolas a^ = a\ xt/ = b% which being co-asymptotic have 
double contact at infinity. The points of contact are double 
points on the compound curve, and every line parallel to a co- 
ordinate axis passes through one or other of these points. In 
order to get a tangent to the compound curve at one of these 
points it is necessary that in (1) three values of r should be 
infinite ; that is, k must be zero : or, the line y = is an asymp- 
tote. 

If we look upon A, k as 'current' co-ordinates, we get the 
equation to this asymptote by equating to zero the coefficient 
ofr'in (2). 

Similarly a; = is an asymptote. 

All possible directions of asymptotes of a curve are com- 
prised in the equation (f> {I, m) = 0. Let (\, fi) be a direction 
hence chosen. 

In the equation to the curve write x + \r, y + fir for x, y, 
and in the result equate to zero the coefficient of the highest 
visible power of r. 

This last result is the equation to the asymptote or asymp- 
totes in direction [\fi\ 

Ex. (1) a;» + 2^' + 3aa;y = 0. 

Here <f> {I, m) = P + m^ = ii I + m =^ 0. Then the equation 
for r is 

{x + \rY+{y'\-firy+^a (x + Xr) {y + fir) 

= 3r' {xl^-^-yfi^ + aXfi) + ... = 0. 
Since \ H- /* = 0, \' = /x' = - X/a. Thus the asymptote is 

x-\-y = a. 
(2) x'^-fx-lf-a^-^O. 
Here ^ (I, m) = V- Irr?, 

-^1 {h m, X, y) = ^Vx - w?x - 2lmy - hm\ 

16—2 
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If we suppose 

Thus « ± y - o = ^ 

are asymptotes in direction 

If \ = 0, then 

therefore a; + i = is an asymptote. 

If in the equation / {ocy) = 0> y becomes infinite when x has 
the value a, then x = h is an asymptote. Similarly if when y 
has the value J, h is infinite, y = J is an asymptote. We leave 
the proof to the reader. 

Thus the curve 

a;' 

has the line x = a for an asymptote. 

261. A curve whose equation is of the third degree is called 
a cubic. 

The general equation of the third degree contains 10 terms. 
If we have given 9 points on a cubic we have therefore 9 homo- 
geneous linear equations for determining the 9 ratios of the con- 
stants. Such a system of equations, if they be independent, 
admits of one and only one solution : in other words, a cubic 
is, in general, uniquely determined by 9 points. 

The general equation of the n*** degree contains ^ 

terms, and thus a curve of the w*** degree is in general uniquely 
determined by ^^-^^- — '- points. 

The datum of one point enables us to eliminate one of the 
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arbitrary constants in a curve's equation. And any datum may, 
by counting the number of constants it enables us to eliminate, 
be reduced to the form of points. Thus the focus of a conic is 
equivalent to two points, for the general equation to a conic 
with focus at a given point (a, b) is 

{x-ay+{y-bY=^{Ax + Bi/+Cy, 

involving three constants. The centre of a conic is equivalent 
to two points, for when the given centre is origin the equation 
involves only three independent constants. 

262. Since any two cubics have 9 common points, it is 
clear that these 9 points are not sufficient to determine a cubic 
uniquely, for the cubic in question may be either of the two 
cubics aforesaid. Nor indeed do they determine a finite number 
of cubics, for if 

U^O (1), 

V=0 (2), 

be the first two cubics, the infinity of cubics obtained by giving 
different constant values to \ in 

U + \V=0 (3), 

pass through the same nine points. 

Suppose 8 points given on a cubic. Draw any two cubics 
through these 8 points and let P be their 9th common point. 
Then as an infinity of cubics can be drawn through the nine 
points it follows that of the cubics through the 8 given points 
an infinite number pass through a 9th point which can be pre- 
dicted. It does not immediately follow that they all pass through 
this 9th point, though that seems to be true. 

If the two cubics through the 8 given points be improper 
and have a common part, P may be any ninth common point. 

263. We conclude this chapter by tracing the curve 

y^ {x — 4:a) = ax(x — 3a) 
from its equation. 
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We suppose a positive. Writing the equation in the form 

o _ oa? (a? — 3a) 
^~ a?-4a ' 

we see that when a; = 4a, y is infinite. Thus a? = 4a is an 
asymptote. It will be found that this is the only asymptote. 

The curve is symmetrical with respect to the axis of a?, for 
the equation involves no odd power of y. 

The curve passes through the origin, and the line a; = is a 
tangent at the origin (Art. 100). 

y^ is negative when x is negative, positive from a?=0 to 
X = 3a, negative from a? = 3a to a? = 4a, and positive from a? = 4a 
to a? = 00 . Thus the curve lies partly between the lines a; = 0, 
a? = 3a, and partly on the positive side of the line « = 4a. 

Approximately, when x is very great. 

Thus y^ = aa; + a' is a paraholic asymptote. 

The y^ of the curve is greater than that of the parabolic 
asymptote. This determines the side of the asymptote on which 
the curve lies. 

The line a? = 3a is a tangent at the point x = 3a. To prove 
this we may transfer the origin to that point, or simply observe 
that corresponding to this value of x two values of y are equal. 
The third value is infinite. 

The branch between a? = and a; = 3a is an oval. The rest 
of the curve consists of two infinite branches. 

Solving the equation with respect to x we have 
^_ 3a' + y'±V(y'-9a')(y'-a') 

X — _ a 

2a 

Thus the lines y^ = 9a^, y^ = a' are tangents to the curve. 
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The first pair are an interior limit of the infinite branches ; 
the second pair bound the oval. 

This example is taken from Hymers' Conic SectionSf from 
which also have been selected some of the examples at the end 
of this chapter. 



3S 




Examples on Chapter XIV. 



1. A curve of the third degree cannot have a double tan- 
gent, nor two double points, nor two ovals, nor an oval and a 
double point. 

2. A curve of the fourth degree cannot have four double 
points, nor four ovals, nor, together with one, two, three double 
points, ovals three, two, one. (See Art. 184). 
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5. The circle 

3^ + ^- lOax + Aay - 3a" = 

has contact of the 2nd order with the curve j^ = Aax at the point 
(a, 2a). 

4. Find the equation to the parabola which has contact of 
the third order with the conic 

a? + 2axy + iy* + 2cy = 

at the origin. (Salmon^s Conic Sections^ Art. 244.) 

5. If a, &, be in ascending order of magnitude, the curve 

y" = (a? — o) (a: — J) (a? — c) 

consists of an oval and an infinite branch. 

What becomes of the oval (1) when b decreases to equality 
with a, and (2) when b increases to equality with c? (Salmon's 
High&r Plane Curves^ Art. 32.) 

6. The curve 

has a double point at (1, — 1). 

7. The curves 

have each a cusp at the origin, and the radii of curvature at 
that point are respectively infinitely great and infinitely small. 

8. Prove that if 0, § be two points on a curve, and QR 
a perpendicular to the tangent at 0, then the limiting value of 
Q(y 

Qn when Q moves up to and coincides with is the diameter 

of curvature at 0. 

9. Find the radius of curvature at any point xy of the 
conic 
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and prove that if IF be any point on the diameter DUf^ the chord 
of curvature at P in direction PW is -p^ . 

10. The locus of the centre of curvature at any point of 
the parabola ^ = 4aaj is the * semicubical parabola' 

27ay = 4(aj-2a)'. 

Where does this cut the parabola? 

11. The sides A^A^y J,-4, ... A^A^ are met by a curve of 
the w*"* degree. If P (-4J denote the product of all the n seg- 
ments of the side A^A^ that are measured from -4^, &c., then 
numerically 

(Camot's Theorem.) 

12. The origin and the points where x — ±at^S are points 
of inflexion on the curve 

13. Find the asymptotes of the curves 

(1) y^ (a: - 2a) = 0^ - a\ 

(2) xy' + a^y^a, 

(3) 4ic'=(a;+3a)(aj« + y'). 

14. A curve of the n^ degree cannot have more than 
n asymptotes. 

K the sides of the triangle of reference be asymptotes of a 
cubic, the equation to the cubic is of the form 

OLfiy + la + mfi + ny = 0; 

and the three points where the curve cuts its asymptotes lie in 
a straight line. 
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15. Prove that where x is very great the curve 

^ x-2a 
nearly coincides with 

'x^^^x^2a?' 
and hence find the asymptotes and trace the curve. 

16. Prove by solving the equation with respect to ^ that 
the curve 

i!/'-a?){x--l)(x-l)^2{f + x{x-2)Y 
is bounded by the lines 

^" 10' ^ 2* 

Prove also that it has three double points and four double 
tangents. 

17. On the radius vector of a straight line are talceii two 
points at the same given distance from the xadiffli Tector^s ex- 
tremity. Prove that they lie on the same algebraic curve, to 
which the given line is an asymptote. 

18. From a given point a line is drawn meeting a given 
curve of the n* degree in P,, P^, ... P^. In this line Q is 
taken, such that 

JL-JL J_ 1 

OQ^ OP,'^ OP,'^ '" '^ OF/ 

Prove that the locus of Q is a straight line. 

19. If a line be drawn in a given direction in the plane of 
an algebraic curve the locus of the centre of mean position of 
th^ points in which the line meets the curve is a straight line. 

N.B. The centre of mean position of the pointa x^y^, ^Vg-'-^nPn ^ the 
point 

n * ^ n 
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20. The comer of the leaf of a book is doubled down so 
as to form a triangle of constant area. Shew that the locus 
of the comer is the lemniscate 

7^ = a^ sin 20. 

21. Assuming that all cubics passing through 8 given points 
pass also through a 9th, deduce Pascal's Theorem. 

22. Trace the following curves: 

(1) The four-cusped hypocycloid cc* + y* == a*, 

(2) ^+/ = a^ 

(3) The cardioid r = a (1 - cos ^), 

(4) The conchoid r = a 4- J cosec 9, 

(5) (ta.ig'+(tan|y=l, 
and prove that the curve 



^h 
r = a + ^ 



liAS a circular asymptote. 
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CHAPTER J, 

1. {I)r=j2,6=i. (2) r = V5, tf=,ff + tan-'2. 

(3)r=-3, $ = 0. (4) r = 4, tf = -| (c£ Ex. 12). 

/3 1 

2. (1)«=A y = l- (2)« = 1, y=0. ($)a5=-y, y=2. 

(4)ar=-l, y = 0. 

3. 7185; 272 + ^17 +Vl3. *• f • 

(5. Fori), a5 = ?^Y^, y = ?^ti?^. For the middle point of ^i', 

. x_. 1 • v o c 6 Jb'+<^+2beeoaA 
(Bymm«tnoal expreasions). 8. s» sJ ^^ s • 

11. Q moves from JS to an oc and &om an oc to ^. 

12. The point {(- Vfr, na- + 6), n being any positive or n^ative 
integer, or sero. 

CHAPTER II. 
1. It can be reduced to {a? + f^-ay + 27ii(^a* = 0. 

2- 2' -3' -2' -5- ^- T'*»^ (-f)' T- 

, J_ J_. _i_ _2_. _ 2_ 1 5/31 

*• ~J2' J2' J5' jr jr J5'~ 2' 2' 

1 J^. 9 f ■ y / 

2' 2 ' 7^^T7' V/-T?' ^/^^' W^' 

B A 

~ I A* + -fl* * / A' + Jf" (/*"'' -^ *** 8''PP"'s®d posi*!^^)- 

_ «> IT _, ^ sin to 

^- 2' 2* **^ 4cos<«-^- 



ANSWERS TO THE EXAMPLES. 253 

8. (Ex.5). -===, ,-^^ : 4^—. 

^ 1 

Ja^ + £*--2AB cos io' 

9. r(costf-Bin^) = 3; Jl.x^y -i-lO = 0. 

10. The point lies on the line. 

CHAPTER III. 
1. ("33» gg)- 2- T^® Voirit is (-7, -3). 

4. aj-y = 3, aj + y = ~l. 5. y-* = m(a5-A). 6. x = y. 

7. (1) ^ = |. (2)a + 5y + 3 = 0. (3) X'^4. (4) y = 0. 

8. -— , -— : -- . 9. tan-^ =: : 0, -== , 
>/2' J2' J2 ^' JlO 

11. 2aj-3y = 3, 3aj+2y + 2 = 0. 

12. (a-c)a; + (6-tOy = 0; ^ /(^ j^;^'^!^)« > 

U. tan-*3V3; 5aj-7y=12. 17. a-y = 0, aj + y=0. 

19. aj' + y" = c». 20. xf/ = -~. 

21. («" + y')'=a'(«-"y'). 

23. The expressions substituted for a;, y are oIwcm/s linear. 

24. 3y* = 2% + 2a;). 

25. 05 = aj' cos a + y' cos ft y = a' sin a + y' sin j8 (Art. 26). 

2^' "5 — 7 T\ * 2^* "^"^ ^^ ^ equal and opposite 

inclinations to F. 28. x + y cos ta — h + k cos a>. 

29. Take AB, AG for axes. If A£=c ejid AG = b, the equa- 
tions to FGy KBy AL are then 

/I 1\ y - a: /I 1\ - a? y 

33. If ^^ + Bm = - be the type of the given lines, then the 
locus is the straight line -=^{A),l + ^(B),m, 
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34. Cf. Art. 36. 35. 1 loj - ^2y + 25 = 0. 

36. If ajj^j, x^y^ be opposite corners of a parallelogram whose 
sides are paiullel to the axes, the other comers are x^y^^ x^y^ . 

37. y = 3, y^xJl^Z^Jl. 

38. A caae of Chap. v. Ex. 23. 'AL, BM, CiV^meet in 

y f h -g h 

fgh fg^h' fg^h' ' 

-.El ^^1^1 
The str^ght line is^ + ^Lp^ -^ ^^^ 

39. Ex. 34. 

CHAPTEE IV. 

1. (1) The lines x-a, a? + a. 

(2) Thelines a;-a + yn(3^-.6), a;-a-7^(y"^)- 

(3) Thelines aj-a, y-6, (4) The lines y + 3a;, y + «. 

(5) Two coincident lines y + 2aj. 

(6) The lines a: = a, x^a ^^^"^ , a. = aZlz^Ei. 

2. {a(/-a'cy=i{ah'-a'b)(hc'-h'c). Art. 32, (1). 

5. They bisect the lines joining the point {Ir, mr) to the 
points {Fr, nhr\ {-Fr, - m'r). 

g Ax-i-By + C /A' + B' 

• A'x + B'y + C'^ V A'^ + B"'' 

8. It is given that abc + 2arc -aa^~ 66" - cc" = 0. 

9. Yes, two coincident straight lines. 10. -=- • 

11. / and g cannot be so determined. (Ex. 7 <fe Art. 50.) 

12 (O'Oic-c) 
' Ab-Ba ' 

13. It represents the lines ^=0, ^ = ^, 0=^ — , 

3 3 

14. Arts. 12, 38, Euclid vi. 3. 

15. Ax^ + By^ + C: Ax^ + By^-\-a 

17. By Ex. 16, four straight lines through the intersection of 
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the given lines {fowr, if the division may be either internal or ex- 
ternal and the order of comparing the segments be unfixed). 

19. The locus is Vkjmite straight line: areas are not subject to 
sign. 20. A straight line. 

CHAPTER V. 

2A 2A 2A 
^' 3a ' 36 ' 3c • 

3. la + mP+ny^lf-^mg-^nh; {am - bl) P -h (cm - cl) y = 0, 

4. -aa + 6)S + cy = 0; 6)S + cy = 0. 

5. The line is parallel to )8 cos 5 - y cos (7. 

6. I {mn - ni'ri) + 1' {mn - rrm") + T (mn - mn) = 0. 

8. % iP^Ys - Psy^) + ^ (/^aTi - Ara) + «3 (Ay, - P^y^) = ^• 

-1 (m7i'-m'7i)sini4+(wZ'-w'Z)sinj5+(Zm'-Zm)sin(7 

^r+mm'+W-(mw+m'7i)cos-4-(7ir+n7)cosjB— (Zm+Zm)cos(7 
(by Cartesian co-oi*dinates). 

10. )8 + y-a = 0, y + a-)8 = 0, a + )8-y = 0. 

J n.a. + %a. nA+i^A ^W±!^., if ^^ «^ be the 

given points and /i^: Wj the given ratio. 




10^ -9 
-r . 16. mv + nw = 0, nw + lu=0, lu + mv = 0, 

17. AL, BMj ON are mv-k-nWy nw + lu, lu + mv; OAy OL are 
mv — wto, 2^ + mv + t^w;. 

18. Ex. 14. 

19. AM^ -^^y AN= =^^^^ ; distance from A 

ct — an ol — am 

sin -4 



/I r" 



licos^ 



20. LAD may be made the triangle of reference and N' assumed 
to be the point la = mP = ny, 

21. rrw-hnWy 7iw + lu, lu+mv are AC, LM, BD, Let LM 
meet A C, -52) in R, T, Then wii? — nw, nw — Zw, Zw — mv are (7^, 
ZiV, BRy which therefore meet in a point P : lu — 2mv + nw, 
^lu-mv + nw, lu-mv + 2nw are PM, RU, TW, if U, W be the 
intersections of 5Z, CT\ CL, BR. 



6. 
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22. If P be a point ^A» then the co-ordinates of any point A' in 

2A 
AP are proportional to/+ — . X, gr, A^ if X = PA'iA'A, &c. (Ex. 

11, and Art. 73). 

23. Let AL^ BMy CN meet in ^ = mp = ny ; the straight line 
is la-i-mfi+ny. 

CHAPTER VI. 

2. «« + y«-(aj'+aj")«-(3/ + y')y + ««' + yy' = 0. 

4. w — oifo>w and <0. 

;? ftno /^ 2A-ifc 2^-^\ /¥TW+^ 

2 ' 2 ' ' 

9. ^iZ^^lz} 10. Of. EucUd ni. 21. 

12. acoso + yco8o = c. 13. ( J^a + ^6 + (7)* = (^* + -5*) c*. 

14. Yes, at the origin. 

15. Determine n so that y = mx + w may touch the circle. 

16. Take sc* + y* = c* for the circle and y = for the diameter. 

17. xx-\-yy=2a{X'\-x). 18. aaj'+yy +2cosft>(ay+y5B')=^• 
19. A circle concentric with the square. 

20. AB is divided harmonically. 

23. a-2y = 9; (9, 9). 24. a = rcos(tf-o). 

25. The line joining the centre to the fixed point is a diameter. 

-^ 1 acostf 

27. Use equation (2) of Art. 93. The locus is - = ,_ , . 

29. A circle : use equation (2) of Art. 93. 

30. A circle. The circle becomes a straight line. 

31. A circle through : the diameter through is perpen- 
dicular to the line. 

CHAPTER VII. 

1, Without. 2. The distance between the centres 

is the sum or difference of the radii. 
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3. {c!A -«ul')' + {a'B-aB^' = {a'jA'+B'-W'i- ajA'*+S*-^^}\ 

4. If AB = c and AG=b, the equation is 

as* + y* + 2ajy oob A =^ ex + ht/. 

5. Assume for the equation ic* + y* + ila; + ^y + (7 = 0. There 
are three equations for determining Af £, G. 

6. iiaj + % + 2(7=0. 7. (1) a(y+y')=^2xx. 

(2) a'(y + 2yO = 3«j''aj. (3) ?^ = cos^.^. 

(4) ^4.J^ = a« 11. a = 6«-^. 

13. The equation for determining the given ratio I \t m 
(aj'« + y'«-c')P + («"+/-c')r + 2(a»;' + yy'-c«)?r = 0- 

Compare Art 179. 

14. " and prove that. . . " ; first prove that L is the pole of MN-, 
then similarly M is the pole of NL; therefore (Art. 101) ^Y is the 
pole of LM, 



CHAPTER VIIL 

1. «:-4.y- = ^(a:+y-l)'. 

2. y-'X = a, y-\-x = a', a;-fy»3ay «-y = 3<». 

4. The equation is x^y. 5. W; 90**. 

17 
10. The focal distance of the point (4, - 2) is -j- : the normal 

1 4. The equation for the ordinate is y* y-f — ^0. 

m m 

15. Within, 16. ' The vertices are (- 2, 3), (2, - 3) ; the 
foci are (- 1, 3), (1, - 3). 17. y'^Sx. 

18. 7« + ^/y = J 2a J 2. 21. The lutio, IxV \& found 

from(y'«^4a«V« + (y'-4a«)r + 2^r(yy'-2a«+l?) = 0. 

T. a. 17 
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24. One form is r sin* tf = 4a (sin 6 + cos 0). . 26, 27. The m of 
the normal from a^y is found from y = nix' "20711 — am*. The 

values of mare -^, -^, -^. 
2a 2a 2a 

28. Eliminate x', y from * = ^ , yh^la {x + A), y'* = 4aa?'. 

29, The parabola y" = 2a (a? — a). 30: Use polar co-ordinates^ 

32. When h is indefinitely increased, the curve tends to become 
two parallel lines. 

CHAPTER IX. 

1. 58 \{x - 1)« + (y + 2)»} = § (7y - 3a; + 2)*. 2. ^^M^". 

'•■i5■^/I>(*7^•'')■.(''•*^f)• 

5, ca;dby = a, ea;±y = _a; at ^, -^'. 6. -5 + -^^— ^=1. 

aw' yy __xJrx a^x Vy _ aV ,, 
a 6' a X —a y x —a 



^ . y 
- cos ^ + r 

11. Without. 12. 64a;*=49y" = 



9. -cos^+T^siu^?=l, accsec^-^ycosec^ = a'-5'. 

56 
5 ' 



16. 4(ay+6V-a*6*) = (a* + /-a*-6^)«. tan"o, if a be the 
given angle. 

16. Four from points in S8'\ two from other points in the 
major axis : from a point G' in the minor axis four or two according as 

CGr<oT>^ (Art. 126), 

21. When CP = CD. ' 

25, The locus of CF'b middle point is — , + ^ = 7 . 

a' 4: 

26. (a' + b'){yx-^xy') = {a'-b'){xx'-.yy'--ix^ + y^. 
29. SF, S'P are bisect^ by CY, CY\ 

^^* — r~i — IS i "«— a — r7 \ the straight line y = -. . oj. 



''■ i4='''^'4=l (^i2«)- 
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33. One pair bisects the chords joining the extremities of. the 

other two. (Arts. 67, 1 40). If the diameters bey = WMJ, y = — ^, 

am 

y = mxy y = - ^p— „ the condition is w'-w = * f ?. wm»'+-) . 

am \o . a/ . 

34. ^ = sintf±^e*sin»d-cos'^. 

37. x' ^-5 - -5^ - y« / _- -V 0. 38. The four tangents are 

xJc'^-Pd.yJc^rZ^ = :k.cJiir^. (Art. 128). 
39. sec-^ ^ Ja'-\-b'-c' ; ^ J{a'--(f) (c*-b'). (See Ex. 23). 

41. An ellipse: transfer the origin to the point and use polar 
co-ordinates. 43. A circle. (Art 129). 

44. {Art. 127). The foci are angular points of a rectangle 
whose sides are perpendicular to the tangents. 

45. Transform the equation hj moving the origin to the vertex. 

46. = 1 + e cos tf (iS' being pole) ; 

r' (a' sec' O + h' cosec"^) = (a« - 6")* {G being pole), (cf. Art 127) ; 
a« 6« a* 

47. Take A, A' successively for poles. 

48. A rectilinear ellipse SS\ 49. The circle on AA\ 

51. A line parallel to the tangent at the given point. 

52. {Adf + {Bhf^C, 53. Ex.62. 
54. Transfer the origin to the point. 

CHAPTER X. 

1. 13(a:' + y') = 2(a;-5y + 3)«. 2. ^6;^, 6^|. 

„ „ /2 jA' + £* JaUB' ,. ^ . ... 

3. 2 ^ ^ ; ^ — -z or ^ — ■= , accordmg as (7 is positive 

■ / 1 7\ 1 /243 1 /2i3 

or negative. 4. (^--j^, -jj] 2y "5"^ 5 V ^ ' 

8. Salmon's Oonic SectionSy 4th Ed., Arts. 185, 202. 
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a; + "2 j "" (y ~ 2) " ~~1 ^' 

The required equation is 05* - y* + Ja; + -8y + — 5 (7=0, 

12. A hyperbola. 

13. Take PvXA^B and the points 90* from A, B. 
U. {AaY''{BbY = C*. 16. The concave. 

21. No (Art 152)j each asymptote is its own conjugate. 

22. «(a^-y'cos<D)-y(y'-a5'cos«) = a'*-^*. 

23. rr'sin(^ + ^ = a*, rco9(^ + ^) = r co82ft 24. Art. 150. 
26. The tangents at the origin are fl = -,-fls±-.-. 

26. The equation for ^ : f is 

P(ajy-O + r'(apy-c^ + ^r(ay + aj'y-2c") = 0. 

27. Art 156. The same line from C bisects PQ, PQ. 

29. Refer to the asymptotes. 32. a5 = y = rf=csec^. 

33, 34, 35. The equation in each case tends to become ^" = 0: 
the form tends to coincidence with a straight liii^ of which a finite 
part is wanting (see Art. 230). 

36. The foci are at the centre : the directrices coincide and 
bisect an angle between the lines. (See Art 230.) 

37. (Art 164). The point is where the circle meets BB. 

42. A hyperbola. 

43. Let il, ^ be the two curves. Then B is the locus of the 
pole with respect to B of any tangent to A, 

44. For instance, 4, 7, 10, 15, 17, 23, 25, 28, 35, 50, 54. 

CHAPTER XL 
• 5a? A* 

4. (1) is a parabola ; (2), (3) are hyperboltu. 
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^ 5j2-7 Bj2 + 7 

7. 272, 2^; 2/j-, 2^. 
9. (a-X)»" + (J-X)y« + 2c'a5y = 0; (a - X) (6 - X) = c'". 

12. Xil' + Vui = C, X^ + X'jB = i>. The asymptotefl are 

3 „ 13 

13. aj-y = -j, aj+3y = -j. 

1 4. An ellipse of which Ax-^By + Cy A'x-^Jfy-^-C are conjugate 
diameters. 

16. Draw parallels to TP, TQ through S. 17. See Art. 217. 

21. Without. 22. Without. 23. 2 : 1. 

25. A circle (for the parabola^ a straight line). 

T 

26. The polar equation is - = ^ (S). 

27. (/•+S'*-2/(7COS(D)(/« + pry) + (/.-5rCO8w)6'+(^-/cO«»)a=0. 

28. (06 - c'*) (iB* + y* + 2ajy cos <d) = ^ (a + 6 - 2c' cos <d), 

29. For the focus (Chap. viii. Ex. 8, 9, and Art. 109) 

r sin tf cos fl = a : for the vertex (Art. 26) x=a —, — — , y = a — x, 

^ • sm6^ ' ^ cos^* 

whence a%' + »%^ = a*. 

30. At the origin, 0®, at the points (1 * J^, 1 ^ ^/^), tan"' 2. 



31. ^-? = 



^»-a» 



a b a* + 6* + 2ab cos o) * 

33. In the parabola y" = 4aa5 the locus is ^ = 4a (a? - 4a). (Art. 
50, 183.) 

36. With centre at an angular point or middle point of a side, 
an infinite number of conies circumscribe the triangle; with centre 
elsewhere in a side, one only, and that rectilinear. 
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38. The nine points are centres of rectilinear conies of the system. 

39. Let i> be the orthocentre of -4, -8, G. The locus of centres 
of the conies ABCD is a circle. 

41. Generally two parabolas and one rectangular hyperbola : 
if one point be the orthocentre of the other three, an infinite number 
of rectangular hyperbolas \. if the four points lie in a straight line, 
an infinite number of parabolas and rectangular hyperbolas^ all 
rectilinear. 

42. Generally four (cf. Art. 261). 
44. ^a + % + ^^' = 0. 

46. The points where the conic is met by the lines 

47. (1) A hyperbola ; centre (0, 1), asymptotes x, x + y—l : 
the curve is on the positive aide of each : a* = 10 {J 2 — 1), 

6«=:10(^2 + 1). 

/1 3 2\ 

(2) A parabola touching y~ 2a; + 8 at /-«-, «j and lying 

on the positive side of that line; axis a; + y-5 = -j, 

latus rectum --^, vertex ^4? J, jg j , focus ^3 g^, -^ . 

(3) An ellipse; magnitudes of semi-axes J5 ± 1 ; directions 
x + {2^j5)y = 0. 



CHAPTER XII. 

5. fxfiL-(ji-\'fjL')E-^JI£=0, fi'L^2fjLE + M=0. 

7. 3« + y = -^. 8. (0,0), (?^', 26). 

9. One (Chap. ix. Ex. 52.) 

1 1. The conditions are J la * Jm^ * Jnc = (the signs of the 
radicals being independent of each other). 

I m n ^ a* b' c* ^ , a* 
a c ' I m n 46c 



AN8WEKS TO THE EXAMPLES. 263 



12. The focus is — , = -r^ = -5- : the directrix 
a' It (T 



la mB ny ^ 



tan A tan B tan G 
18. See Ex. 5 or Art. 212. 

CHAPTER XIII. 

5. Arts. 177, 256. 6. Project the ellipse into a circle as 

in Ai-t. 223. 13. First part: One of the points Q, Q is at 

infinity (else no tangent plane could be parallel to ^); let this be $', 
so that IXM is constant. Then PM^ oc QM. 

Second part: If IX be at infinity, the plane VDM is fixed and 
-g^ oc ri> (see Art. 227). Therefore PM^ « DM, VD' « QM.Q'M. 

16. Project the given line to infinity. 17. The line pro- 

jected to infinity may cut the conic, and in such cases the projection 
cannot be really performed. 19. Keciprocate with respect to 

the centra 21. The point where the tangent meets a line 

through the origin perpendicular to the given point's i:adius vector; 
two points on 0*s polar with respect to the circle, whose vectorial 
angles 0, ff, measured from OJ) (fig. to Art. 243), are such that 

cottf.cotd' = ^-Vl. 

22. Chap. viii. Ex. 30, and Chap. x. Ex. 40: The distance 
between two parallel tangents to a circle is equal to the diameter ; 
Chap. X Ex. 30 (by reciprocating with respect to an augular point of 
the triangle) : 

If a parabola touch two sides of a triangle and have the ortho- 
centre of the triangle on its directrix, it touches the third side. 

Chap. xii. Ex. 12. If a triangle be inscribed in a circle and 
the points diametrically opposite to the angular points be joined to 
any point on the circle, the intersections of the joining lines with the 
corresponding sides of the triangle lie in a straight line. 



CHAPTER XIV. 

4. 5c*+2aajy + ay + 2cy=0. 

(1) The oval shrinks into a conjugate point. 

5. (2) The oval unites itself to the infinite branch and 
double point results. 
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9. (^y-^J^^y ^ 10. At the points where aj = 8a. 

a 



13. (1) aj=2a; y = J:(a: + a). (2) xy' + afi/=0. 

^ 2a 

(3) iB*v3.y=y. 15. x + a = ^p, 

16. The double points are (0, 0), (1, 1), (1, - 1). 

1 3 

Two of the double tangents are « = - ttx? «^ = s • 

(4) See Ex. 17. (5) This curve is an endless 



pattern. 
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Herodotus. By Bev. J. W. Blakesley, B.D. 2 vols. 82«. 

Hesiod. By F. A. Paley, M.A. 10«. 6d. 

Horace. By Bev. A. J. Macleane, M.A. IBs, 

Juvenal and Persius. By Bev. A. J. Madeane, MA. 12s, 

Plato. By W. H. Thomps<m, ©.D, 2 vols. 7s. 6d. each. 

Sophocles. Vol. I. By Bev. F. H. Blaydes, M. A. IBs, 

Vol. n. Philoctetes. Electra. Ajax and TrachinisB. By F. A. 

Patey, M.A. 12li. 
Tacitus : The Annals. By the Bev. P. Fioet. 1&». 
Terence. By E. St. J. Parry, M. A. 18«. 
Virgil. By J. Conington, M.A. 8 vds. 12!»., lis,, lis. 
An Atlas of Classical Geography; Twenty-four Maps. By W. 

Hughes and George Long, M.A. New editioix, with oolowred outlines. 

Imperial 8vow 128. 6d. 

Uniform with above, 

A Complete Latin Grammar. By J. W. Donaldson, D.D. 8rd 
Edition. 14b. 

GRAMMAR-SCHOOL CLASSICS. 

A Series of Greek and Latin Authors, with English Notes, Feap, Qvo, 
Ceesar : De Bello GaUloo. By George Long, M.A. 6s, 6<2. 

Books L-in. For Junior Classee. By G.Long,M.A. 2s. 6d. 

Catullus, TibuUus, and Propertius. Selected Poems. With Life. 
By Bey. A H.Wratifllaw. 8t.6d. 
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Oioero: De Seneotute, De Amieltia, and Select Epistles. By 

Oeorge Long, M.A. 4b. 6d. 
Oomelius Nepos. By Bey. J. F. Maomichael. 2$, M, 
Homer : Iliad. Bo(^ I.-Xn. By F. A. Paley, M.A. 6$. M. 

Horace. With Life. By A. J. Macleane, M»A. e$.6d. |In 

2 parts. 8a. 6d. each.] 
Juvenal : Sixteen Satires. By H. Prior, M.A. 4t. M. 
Martial: Select Epigrams. With Life. By F. A. Paley, M.A. 6«.6il« 
Ovid: the Fasti. By F. A. Paley, M.A. 6$. 
Salltuit: Gatilina and Jngortha. With Life. By G. Long, M.A. 6«. 
Taoitos : Qermania and Agrioola. By Be7. P. Frost. 3s. 6d, 

"VlrgU: Bnoolios, Oeorgics, and ^neid, Books L-IV. Abridged 
from Profeaaor Conixigton's Bdition. 5c. 6d. 

(The Bucolics and Gaorgios in one volume. 8«.) 

iBneid, Books V .-XIL Abridged from Professor Gonington's 

Edition. &.6d. 
Xenophon: The Anabacds. With Life. ByBer.J.F.MacmichaeL 5«. 

The Gyropflsdia. By G. M. Gorham, M Jl. ^. 

Memorabilia. £[y Peacival Frost, M Jl. 4m. 6<i. 

A Grammar-Sohool AAlas of COasaioal Oeography, containing 

Ten seieoted Hapa. Imperial 8to. 5c 

Umf&rm with the Series. 
The Ne!W Teatament, in Greek. With English Notes« Ao. By 
Ber. J. 7. MaomiohaeL 7fc.Gd. 



CAMBRIDGE GREEK AND LATIN TEXTS. 

iBsohylus. By F. A. Paley, M.A. ^ 

C8B8ar: De Bello Gallico. By G. Long, M.A. 2$. 

Cioero : De Seneotute et de Amioitia, et Epistoto Seleotas. By 

a.Long,M.A. U6d. 
doeronis Orationes. Vol. L (in Verrem.) ByG.Long,M.A. 8«.6d. 
Euripides. By F. A. Paley, M.A. 3 vols. Ss. Qd. each. 
Herodotus. By J. G. Blakesley, B.B. 2 vols. 7«. 
Homeri Hias. I.-XIL By F. A. Paley, M.A. 2«. 6d. 
Horatius. By A. J. Macleane, M.A. 2*. M. 
Juvenal et Persius. By A. J. Macleane, M.A. U. 6d. 
Luoretins. By H. A. J. Munro, M.A. 2s. 6d. 
SalKisti Crispi Gatilina el Jugurtha. By G. Long, M.A. Is. 6d. 
Sophocles. By F. A. Paley, M.A. [In the press. 

Terentl GomcedisB. By W. Wagner, Ph.D. 3s. 
Thuoydides. By J. G. Donaldson, D.D. 2 vols. 7s. 
Virgilius. By J. Gonington, M.A. 8s. 6d. 

Xenophontis Expeditio GyrL By J. F. Macmiehael, B.A. 2s. 6d, 
Novum Testamentnm Gneoum. By F. H. Scrivener, MA. 

4«. 6d. An edition with wide margin for notes, half bound, 128. 
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CAMBRIDGE TEXTS WITH NOTES. 

A Selection of the most usually read of the Greek and Latin Authortt 
Annotated for SeJtooU. Feap. 9vo. U, 6<2. each. 

Snrlpides. Alcestis. — Medea. — Hippolytns. — Hecuba. — Baochs. 
Ion. — Orestes. — ^PhoenisssB. By F. A. Paley, M.A. 

i&sohylus. Prometheus Yinotus. — Septem contra Thebas. — Aga- 
memnon. — PersaB. — Eumenides. By F. A. Paley, M.A. 

Sophocles. CEdipus Tyrannus. By F. A. Paley, M.A. [In the press. 

Homer. Iliad. Book L ByT. A. Paley, M.A. 

Cicero's De Senectute — De Amicitia and Epistolas Selectie. By 

G. Long, M.A. 
Ovid. Selections. By A. J. Madeane, M.A. 
(XKen in preparation. 

PUBLIC SCHOOL SERIES. 

A Series of Classical Texts ^ annotated hy wdl-knovm ScJiolars. Cr. 8vo. 

Aristophanes. The Peace. By F. A. Paley, M.A« 4s, 6d. 

The Achamians. By F. A. Paley, M.A. 4t. 6d. 

The Progs. By F. A. Paley, M.A. 4t, 6d. 

Oioero. The Letters to Attious. Bk. I. By A. Pretor, M.A. 4s. 6d. 

Demosthenes de Falsa Legatione. By B. Shilleto, M.A. 6«. 

The Law of Leptinea. By B. W. Beatson, M.A. 3a. 6d. 

Plato. The Apology of Socrates and Crito. By W. Wagner, Ph.D. 
4th Edition, is. 6d. 



The PhiBdo. By W. Wagner, Ph.D. 6s. 6d. 

The Protagoras. By W. Wayte, M.A. 4s. 6d. 

The Enthyphro. By G. H. Wells. 3«. 

The Euthydemus. By G. H. Wells. [In the press. 

FlautuB. TheAulularia. By W. Wagner, Ph.D. 2nd edition. 4a. 6d. 

Trinummus. By W. Wagner, Ph.D. 2nd edition. 4s. 6d, 

The Menaeohmei. By W. Wagner, Ph.D. 4s. 6tt. 

Sqphoolla TrachinisB. By A. Pretor, M.A. 4s. Qd. 
Terence. By W. Wagner, Ph.D. 10s. Qd. 
Theocritus. By F. A. Paley, M.A. 4s. ^d. 

Others in preparation. 

CRITICAL AND ANNOTATED EDITIONS. 

i&tna. By H. A. J. Munro, M.A. Ss. 6d. 

Aristophanis ComoediaB. By H. A. Holden, LL.D. 8yo. 2 vols. 

238. 6d. Flays sold separately. 

Pax. By F. A. Paley, M.A. Fcap. 8vo. 4s. 6d. 

Catullus. By H. A. J. Monro, M.A. Is. Qd. 

Oorpus Poetarum Catinorum. Edited by Walker. IyoI.Svo. 18«. 

Horace. Quinti Horatii Flacci Opera. By H. A. J. Munro, M.A. 

Large 8to. 11. la. 
IdYy. The first five Books. By J. Prendeville. 12mo. roan, 5s. 

Or Books I..ni. 38. 6d. IV. and V. 38. 6d. 
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Lucretius. Titi Lncretii Gari de Bemm Natnra Libri Sex. With 
» Tnmslatioii ftnd Kotes. By H. A. JL Mnnro, M.A. 2 voU. St*. Vol. L 
Text. YoL n. Translation. (Bold separately.) 

OTkL P.OyidiiNafloniBHeroidesXlV. By A. Palmer, M. A. 8vo.6i. 

ProperttuB. Sex Aurelii Propertii Cannina. By F. A. Paley, M.A. 

Syo. Oloth, ds. 
Sex. Propertii Slegiarum. Lib. lY. By A. Palmer. Fcap. Svo. 5s. 
Sophocles. The Ajax. By G. E. Palmer, M.A. 4f. 6d 

Thuoydides. The History of the Peloponnesian War. ByBiohard 
Bhilleto, M.A. BookL 8to. 6«. 6d. (Book IL in the preu.) 

LATIN AND GREEK CLASS-BOOKS. 

Auxilia Latina. A Series of Progressive Latin Exercises. By 
M. J. B. Baddeley, M.A Vwp. 8to. Part I. Aoddenoe. la. 6d. Part IL 
Second Edition, 2$. Key, 2s. 6d 

Latin Prose Lessons. By Pro! Ghuroh, M. A. 3rd Edit Pcap.Syo. 

28. 6d. 
Latin Sxeroises and Grammar Papers. By T. Collins, M.A. 2nd 

BditioB. Eoap. 8vQ. 9b.6cL 
Unseen Papers in Prose and Verse. With Examination Questions. 

. By T. Collins, M.A. Fcap. Sro. 2s. 6d. 
Analytical Latin Exercises. By C. P. Mason, B JL 2nd Edit. d«.6d. 
Scala GrsBca : a Series of Elementary Greek Exercises. By Bev. J. W. 

Davis, M.A., and B. W. Baddeley, M.A. 3rd Bdition. Vmp. Sro. 28. 6d. 
Greek Verse Composition. ByG.Preskm,M.A. Crown 8to.4«.6<7. 

Bt thb Bey. P. Fbost, M.A., St. John's Coi^jeox, Cambbidob. 
EclogsB LatinsB ; or, First Latin Beading-Book, with English Notes 

and a Dictionary. New Bdition. Fcap. 8vo. 28. 6d. 
Materials for Latin Prose Composition. New Edition. Fcap.8T0. 

2f.6d. Key, 48. 
A Latin Verse-Book. An Introdnotozy Work on Hexameters and 

Pentameters. New Edition. Fcap. Syo. 3s. Key, 5«. 
Analecta GrsBoa Minora, with Introdnotory Sentences, English 

Notes, and a Dictionary. New Bdition. Feap. 8to. 8a 6d. 
MaterifiOs for Greek Prose Composition. New Edit. Feap. Svo. 

Ss. 6d. Key, 58. 
llorilegium Poeticum. . Elegiac Extracts from Ovid and TibuUus. 

New Edition. With Notes. Fcap. 8to. Ss. 

By the Ebv. F. E. Gbbtton. 
A First Cheque-book for Latin Verse-makers. Is. 6d. 
A Lat^ Version for Masters. 2s. M. 
Beddenda ; or Passages with Parallel Hints for Translation into 

Latin Prose and Verse. Grown Syo. 46. 6d. 
Beddenda Beddlta {see next page). 

Bt H. a. Holdbn, LL JD. 
Foliorum Silyula. Part I. Passages for Translation into Latin 

Elegiac and Heroic Verse. 9tli Edition. Post Svo. 78. 6d. 
' Part II. Select Passages for Translation into Latin Lyric 

and Comic Iambic Verse. 3rd Edition. Post Sro. Ss. 

Part in. Select Passages for Translation into Greek Verse. 



8rd Edition. PostSro. Ss. 
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Folia SilvulsB, sive EclogsB Poetanim Anglicoram in Latinum et 
GhriBoum oonversss. 8vo. Vol. I. lOs. M. VoL II. 12s, 

FoUorom Centurise. Select Passages for Translation into Latin 
and Greek Prose. 7tli Edition. PostSvo. Ss. 



TRANSLATIONS, SELECTIONS, &c. 

*^* Many of the following books are well adapted for School Prizes. 

iEschylus. Translated into English Prose by W. A. Paley, M.A. 

2nd Edition. 8vo. 78. 6d. 
Translated into English Verse by Anna Swanwick. Post 

8vo. {In the press. 

Folio Edition, with 33 Illustrations after Flaxman. 21. 2». 



Anthologia Grseca. A Selection of Choice Greek Poetry, with Notes. 

By F. St. John Thackeray. Uh and Chaaper Edition. 16nio. is. 6d. 
Anthologia Latina. A Selection of Choice Latin Poetry, from 

NaaviuB to BoSthius.'witli Notes. By aer. F. St. John Thackeray. Bevised 

and Cheaper Edition. 16nio. is. 6d. 

Horace. The Odes and Carmen SeBOolare. In English Verse by 

J. Gonington, M.A. 8th edition. Foap. 8vo. Ss. 6d. 
The Satires and Epistles. In English Verse by J. Coning- 

ton, M.A. 5th edition. Gs. 6d. 

Blustrated from Antique Gems by C. W. King, M.A. The 



text revised with Introduction by H. A. J. Mnnro, M.A. Large Svo. 11. 1«. 
Horace's Odes. Englished and Imitated by various hands. Edited 

by 0. W. F. Cooper. Crown 8to. 6s. 6d. 
Mv88B Etonenaes, sive Carminvm Etonas Conditorvm Delectvs. 

By Richard Okes. 2 yols. Svo. ISs. 
Fropertius. Verse translations from Book V., with revised Latin 

Text. By F. A, Paley, M.A. Fcap. Svo. 3s. 
Plato. Gorgias. Translated by B. M. Cope, M.A. Svo. 7«. 

Philebus. Translated by F. A. Paley, M.A. Small Svo. 4«. 

— : Theaetetus. Translated by F. A. Paley, M. A. Small Svo, 4». 

Analysis and Index of the Dialogues. By Br. Bay. Post 

8vo. 58. 
Beddenda Reddlta : Passages from English Poetry, with a Latin 

Verse Translation. By F. E. Gtretton. Crown Svo. 6s. 
SabrinsB Corolla in hortulis Begiae ScholsB Salopiensiscontezuerunt 

tres viri floribns legendis. Bditio tertia. Svo. Ss. M,. 
Sertom Carthuslanum Floribus trium Seeulorum Contextum. By 

W.H. Brown. Svo. 14s. 
Theoaiitiu. In English Verse, by O. S. Calverley, M.A. Crown 

Svo. 7s. 6d. 
Translations into English and Latin. By C. S. Calverley, M.A. 

PostSvo. 7s. 6d. 
By B. C. Jebb, M.A. ; H. Jackson, M.A., and W. E. Currey, 

M. A. Crown Svo. Ss. 
into Greek and Latin Verse. By B. C. Jebb. 4to. doth 

gUt. 108.6d. 

Between Whiles. Translations by B. H. Kennedy. Crown Svo. 68. 
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REFERENCE VOLUMES. 

A Latin Grammar. By T.H. Key, M.A. 6th Thousand. PostSvo. 

88. 

A Short Latin Grammar for Sohools. By T. H. Key, M.A., 

7.B.S. UthBdition. PostSvo. 8c. «d. 
A Guide to the Choice of Clasliioal Books. By J. B. Mayor, M.A. 

Bevifled Edition. Grown Syo. Sa. 
The Theatre of the Greeks. By J. W. Donaldson, D J). 8th 

Edition. PostSvo. 5t. 
Keightley's Mythology of Greece and Italy. 4th Edition. 5«. 

A Dictionary of Latin and Greek Quotations. By H. T.'Biley. 

PostSvo. 58. With Index Yerbonun, 68. 
A History of Boman Literature. By W. S. Teoffel, Professor at 

the University of TCLbingen. By W. Wagner, Ph.D. 2 vols. DemySvo. 218. 
Student's Guide to the University of Cambridge. 4th Edition 

revised. Tcap. Svo. [Immediately. 



CLASSICAL TABLES. 

Latin Acoidenoe. By the Ber. P. Frost, M.A. 1«. 

Latin Verslfloation. 1«. 

Notabilia QusBdam; or the Principal Tenses of most of the 
Irr^tQar Greek Verbs and Elementary Greek, Latin* and French C!on- 
stroction. New edition. 1«. 

Biohmond Bules for the Ovldlan Distich, &c. By J. Tate, 
M.A. Ifl. 

The Principles of Latin Syntax. 1<. 

Greek Verbs. A Catalogue of Verbs, Irregular and Defective ; their 
leading formations, tenses, and inflexions, with Paradigms for oonjngation* 
Boles for formation of tenses, ko. fto. By J. 8. Baird, T.O.D. 28. 6d. 

Greek Accents (Notes on). By A. Barry, D.D. New Edition. Is, 

Homeric Dialect. Its Leading Forms and Peculiarities. By J. S. 

Baird, T.G.D. New edition, by W. G. Bntherford. Is. 
Greek Accidence. By the Bev. P. Frost, M.A. New Edition. 1«. 



CAMBRIDGE MATHEMATICAL SERIES. 

Whitworth's Choice and Chance. 8rd Edition. Grown 8to. 6«. 
McDowell's Exercises on Euclid and in Modem Geometry. 

2nd Edition. 68. 
Taylor's Geometry of Conies. 2nd Edition. 4«. ^d, 
Aldis's Solid Geometry. 3rd Edition. 6«. 
Gamett's Elementary Dynamics. 2nd Edition. 6«* 

Heat, an Elementary Treatise. Ss. 6d. 

Walton's Elementary Mechanics (Problems in). 2nd Edition. 6«. 
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CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 

A 8erie$ of Elementary Treatises for the use of Students in the 

Universities, Schools, and Candidates for the Public 

Examinations. Feap. Bvo, 

Arittametto. ByBey.G.Elsee^MA. Fcap. 8yo. 10th Edit. Ss,6d, 
Algebra. By the Bev. G. Elsee, M.A. 5th Edit. 4s. 
Arlthmetio. By A. Wxigley, M.A. Ss.Gd. 
A Progressive Course of Examples. With Answers. By 

J. Wotflon, M.A. 4thBditioiu 2b. 6d. 
Algebra. Progressive Course of Examples. By Bev. W. F. 

M'Miohael,M.A, and R.Prowde Smith, li.A. 38. ed. With Answers. 4s. 6d 
Plane Astronomy, An Introduction to. By P. T. Main, M.A. 

Srd Edition. 4s. 
Oonio SeotloDB treated Gteometrioally. By W. H. Besant, M.A. 

3rd Edition. 4s. M. 
Slementary Ckmio Seotloiui treated Geometrically. By W. H. 

Besant, M.A. [In the Press. 

Statioa, Elementary. By Bev. H. Goodwin, D.D. 2nd Edit. Ss, 
Hydroetatios, Elementary. By W. H. Besant, M.A. 9th Edit. 4s. 
Mensuration, An Elementary Treatise on. ByB.T.Moore,M.A. 6>f. 
Newton's Prlncipia, The First Three Sections of, with an Appen- 

dix; and the Ninth and Elerenth Sections. Bt J. H. Evans, M.A. 5th 

Edition, by P. T. Main, M.A. 4s. 
Trigonometry, Elementary. By T. P. Hndson, M.A. 3*. 6d. 
Optics, Geometrical. With Answers By W. S. Aldis, MJl Ss. 6(1. 
Analytioal Gteometry lor Schools. By T. G. Vyvyan. 3rd Edit. 

4s. 6d. 
Greek Testament, Cc»npanion to the. By A. 0. Barrett, A.M. 

3rd Edition. Voap. 8to. Ss. 
Book of Common Prayer, An Historical and Explanat(»7 Treatise 

on the. By W. G-. Humphry, B.D. 5th Edition. Foap. Sro. 4s. 6d. 
Mnslo, Text-book ol By H. C. Banister. 8th Edit, revised. 5s. 

Concise History of. By Bev. H. G. Bonavia Hunt, B. Mas. 

Ozon. 5th Edition revised. Ss. 6d. 



ARITHMETIC AND ALGEBRA. 

See foregoing Series. 



GEOMETRY AND EUCLID. 

Text-Book of Gteometry. By T. S. Aldis, M.A. Small 8vo. 

48. 6d. Part I. 28. 6d. Part H. 28. 
The Elements of XSuoUd. By H. J. Hose. Fcap. 8vo. 4s. 6if. 

Exercises separately. Is, 



' The First Six Books, with Commentary by Dr. Lardner. 
lOth Edition. 8yo. 6s. 

The PiMt Two Books explained to Beghiners. By C. P. 

lCasoii,B.A. 2nd Edition. Voap 8to. 28. 6d. 
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The BnimeialiloiiB and Figures to JCudUd's XSlememts. By Bev. 

J. Bnuse, D.D. Srd Edition. Foap. 8to. U. On Cards, in oaae, 58. 6d. 
Without the Fignres, 6d. 

Bxevoiaee on Enolid and in Modem Geometry. By J. MoDowell, 

B.A. Croirnaro. 2nd Edition revised. 6a. 
Oeometrical Ckmic Sections. By W. H. Besant, M.A. Srd Edit. 

4s. 6d. 

Elementary Geometrical Conic Sections. By W. H. Besant, 
M.A. lln the Prm. 

The Geometry of Clonics. By C. Taylor, M.A. 2nd Edit. 8yo. 
48. 6d. 

Solutions of Geometrical Problems, proposed at fit. John's 
OoUege from 1830 to 1846. By T. Gaskin, M.A. 8to. ISs. 

TRIGONOMETRY. 

The Shrewsbury Trigonometry. By J. G. P. Aldons. Crown 

8to. 28. 
Elementary Trigonometry. By T. P. Hudson, M.A. 3«. Qd, 
Elements of Plane and Spherical Trigonometry. By J. Hind« 

M.A. 5th Edition. 12mo. 6t. 
An Elementary Treatise on Mensuration. By B. T. Moore, 
M.A. 58. 



ANALYTICAL GEOMETRY 

AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Geometry. By W. P. 

Tamball, H.A. 8to. 128. 
Problems on the Principles of Plane Go-ordlnate Geometry. 

By W. Walton, M.A. 8to. 168. 

Trilinear Co-ordinates, and Modem Analytical Geometry of 

Two Dimensions. By W. A. Whitworth, M.A. 8to. 168. 
An Elementary Treatise on Solid Geometry. By W. B. Aidis, 

M.A. 2nd Edition revised. 8ro. 88. 
Geometrical Illustrations of the 3>ifferential Calculus. By 

M.B.PeU. 8yo. 88.6d. 
Elementary Treatise on the Differential Calculus. By M. 

O'Brien, M.A. Svo. 108. 6d. 
Elliptic Functions, Elementary Treatise on. By A. Cayley, M.A. 

DemySro. IKs. 



MECHANICS Sl NATURAL PHILOSOPHY. 

Statics, Elementary. By H. Goodwin, D.D. Fcap. 8to. 2nd 
Edition. 88. 

Dynamics, A Treatise on Elementary, By W^ ^N^^» M.A* 
Slid Edition. Crown 8to. 69, 
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Statics and DynamicB, Problems in. By W. Walton, M.A. New 

Edition. Grown 8vo. 6s. 
Theoretioal Mechanics, Problems in. By W. Walton. 2nd Edit 

reyised and enlarged. Demy Svo. 16s. 
Hydrostatics. By W.H.Besant,M.A. Fcap.Svo. 9th Edition. 4#. 

Hydromechanics, A Treatise on. By W. H. Besant, M.A. 8yo. 

New Edition reyised. lOs. 6d. 
Dynamics of a Particle, A Treatise on the. By W. H. Besant, M. A. 

[PrepariiHif. 

Dynamics of a Rigid Body, Solutions of Examples on the. By 

W. N. Griffin, M.A. 8to. 6s. 6d. 
Motion, An Elementary Treatise on. By J. B. Lmm, M.A. 1$. %d. 
Optics, Geometrical. By W. S. Aldis, M.A. Fcap. Svo. 3«. 6d. 

Double Refraction, A Chapter on Fresners Theory of. By W. S. 

Aldis, M.A. 8to. 2s. 
Optics, An Elementary Treatise on. By ]hx>f. Potter. Part I. 

3rd Edition. 9s. 6d. Part II. 12s. 6d. 
Optics, Physical ; or the Nature and Properties of Light. By Prof. 

Potter, A.M. 68. 6d. Part II. 7s. 6d. 
Heat, An Elementary Treatise on. By W. Gamett, M.A. Grown 

8to. 2nd Edition revised. Ss. 6d. 
Geometrical Optics, Figures Blustraiiye of. From Schelbach. 

By W. B. Hopkins. Folio. Plates. 10s. 6d. 
Newton's Frincipia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th 

Edition. Edited by P. T. Main, M.A. 48. 

iUtronomy, An Introduction to Plane. By P. T. Main, M.A. 

Fcap. Svo. cloth. 4s. 
iUtronomy, Practical and SpherioaL By B. Main, M.A. 8vo. 14«. 

iUtronomy, Elementary Chapters on, from the 'Astronomie 

Physiqoe'of Biot. By H. Goodwin, D.D. Svo. Ss. 6d. 
Pure Mathematics and Natural Philosophy, A Compendium of 

Facts and FormnlsB in. By G. B. Smalley. Fcap. Svo. Ss. 6«l. 
Blementary Course of Mathematios. By H. Goodwin, D.D. 

6th Edition. Svo. 16s. 
Pzoblems and Szamples, adapted to the * Elementary Course of 

Mathematics.* Srd Edition. Svo. 5s. 

Solutions of Goodwin's Collection of Problems and Examples. 

By W. W. Hutt, M.A. Srd Edition, revised and enlarged. Svo. 9s. 
Pure Mathematios, Elementary Examples in. By J. Taylor. Sva 

7s. 6d. 
Euclid, Mechanical BythelateW.Whewell,D.D. 6th Edition. g#. 

Mechanics of Construction. With numerous Examples. By 

8. Fenwick, F.B.A.S. Svo. 12s. 
Anti-IiOgarithms, Table of. By H. E. Filipowski. Srd Edition. 

Svo. 158. 
Pure and Applied Calculation, Notes on the Principles oi By 

Bev. J. GhallJB, M.A. Demy Svo. ISs. 
Physics, The Mathematical Principle of. By Bev. J. Challis, M A. 
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HISTORY, TOPOGRAPHY, &q. 

Borne and the Oampaipm. By B. Bom, M.A. With 85 En- 
graTings and 26 Mapg and Plans. With Appendix. 4to. 81.3s. 

Old Borne. A Handbook for Trayellers. By B. Bum, M.A. 
With Maps and Flans. Demy 8vo. lOt. 6d. 

Modem Europe. By Dr. T. H. Dyer. 2nd Edition, roTised and 
oontinned. 5 toIs. Demy 9vo. 2Z. 12s. 6d. 

The History of the SingB of Borne. ByDr.T.H.Dyer. Syalfit. 

A Flea for Livy- By Dr. T. H. Dyer. 8yo. 1«. 

Boma BegallB. By Dr. T. H. Dyer. Syo. 2s. 6d. 

The History of Pompeii: its Buildings and AntiqTiities. By 
T. H. J^yer. 8rd Bdition, brought down to 1874. Poet 8to. 7s. 6d. 

Andent Athens: its Histocy, Topography, and Bemaina. By 
T. H. Dyer. Super-royal Syo. Oloth. XL 5s. 

The Deoline of the Bonum BepubUo. By G. Long. 5 vols. 

8vo. 14s. each. 

A History of Tmglanrt during the Early and Middle Ages. By 
0. H. Pearson, H.A. 2nd Edition rerised and enlarged. 8n>. YoL L 
16s. YoL II. 14s. 

Historical Maps of England. By G. H. Pearson. Folio. 2nd 
Edition revised. 81s. 6d. 

History of England, 1800-15. By Harriet Martinean, with new 
and oopions Index. 1 vol. 8s. 6d. 

History of the Thirty Years' Peaoe, 1815-46. By Harriet Mar- 
tinoao. 4 vols. 8s. 6d. eaoh. 

A Praotloal Synopsis of English History. By A. Bowes. 4th 

Edition. 8to. 2s. 

Student's Text-Book of English and General History. By 
D. Beale. Grown 8vo. 2s. ed. 

Lives of the Queens of England. By A. Strickland. Library 
Edition, 8 toIs. 7s. 6d. each. Cheaper Edition, 6 toIs. 6s. each. Abridged 
Edition, 1 vol. 6s. 6d. 

Sglnhard's Ufe of Kail the Great (Gharlemagne). Translated 
with Notes, by W.Glai8ter,M.A,B.0.L. Grown 8n>. 4s. 6d. 

Outlines of Indian History. By A. W. Hughes. Small post 

8vo. 8s. 6d. 

The Elements of General History. By Prof. Tytler. New 
Edition, brought down to 1874. Small poet 8vo. 8«. 6d. 

ATLASEa 

An Atlas of Classical Geography. 24 Maps. By W. Hughes 
and a. Long, M.A. New Edition. Imperial Svo. 128.64. 

A Grammar-School Atlas of Classical Geography. Ten Maps 
selected from the abere. New Edition. Imperial 8to. Ss. 

First Classical Maps. By the Bev. J. Tate, M.A. Srd Edition. 
Imperial Sro. 7s. M, 

Standard Library Atlas of dassioal Geography. Imp. 8yo. 7f . 6d. 
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PHILOLOGY. 

WEBSTEB'S DICTIONARY OF THE ENQLISH LAN- 

GUAGB. Be-edited by N. Porter and 0. A. Goodrich. With Dr. Mahn's 
Etymoloffy. 1 toI. 21«. With AppendioeB and 70 additional pages of 
Illustrations, 81& 6d. 
' Thb best f&actigal Bhqlish Dictioitabt SXTAITT.'— (Quarterly JSeouw, 1873. 
Prospectnses, with specimen pages, post free on application. 
New Dictionary of the English Language. Combining Explan- 
ation with Etymology, and copiously illustrated by Quotations from the 
best Authorities. By Dr. Richardson. New Edition, with a Supplement. 
2 Tols. 4ito. 41. 148. 6d.; half mssia, 51. 15b. 6d.; russia* 61. 12s. Supplement 
separately. 4to. 128. 

AnSvo. Edit, without the Quotations, ISs.; half russia, 20s.; russia, 248. 

Supplementary English Glossary. ByT.L.O.Davies. DemySyo. 

[In thd 'press. 

Dictionary of Corrupted Words. -By Rev. A. S. Palmer, [in theprees. 

The Elements of the English Language. By E. Adams, Ph.D. 

15th Edition. PoetSro. 48. 6d. 
Philological Essays. By T. H. E^, M.A., F.B.S. 8to. lOs.Qd. 
Language, its Origin and Development By T. H. Key, M.A., 

F.B.S. 8vo. 148. 
Synonyms and Antonyms of the English Language. By Aroh- 

deaoon Smith. 2nd Edition. PostSro. Ss. 
Synonyms Discriminated. By Archdeacon Smith. DemySvo. 16«. 
Bible English. By T. L. O. Davies. 5s. 

The Queen's English. A Manual of Idiom and Usage. By Dean 
Alf ord. 5th Edition. Foap. 8to. 58. 

Etymological Glossary of nearly 2500 English Words de- 
rived from the Greek. By the Bev. B. J. Boyce. Fcap. 8to. 38. 6d. 

A Syriao Grammar. By G. Phillips, D.D. drd Edition, enlarged. 
8vo. 7«.6d. 

A Grammar of the Arabic Language. By Bev. W. J. Beau- 
mont, M.A. 12mo. 78. 

Who Wrote It P A Dictionary of Common Poetical Quotations. 
3rd Edition. Fcap. Syo. 28. 6d. 



DIVINITY, MORAL PHILOSOPHY, &c. 

Novum Testamentum Grascum, Textus Stephanioi, 1660. By 
F. H. Scrivener, A.M., LL.D. New Edition. 16mo. 4e. 6d. Also on 
Writing Paper, with Wide Margin. Half-bonnd. 128. 

By the same Author, 
Oodex BessB Oaatabrigiensis. 4to. 26^. 
A Full Collation of the Codes Sinaitious with the Beceived Text 

of the New Testament, with Oritioal Introduction. 2nd Edition, revised. 

Fcap. 8vo. 58. 
A PUdn Introduotion to the Criticism of the Hew Testament. 

With Forty Facsimiles from Andent Manuscripts. Snd Edition. 8vo. 168. 
Six Lectures on the Text of the New Testament /For English 

Beadeni. OiownSvo. Os. 
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The New Testament for EngUah Beaden. By the late H. All ord, 

D.D. VoL I. Part I. Srd Bdit. 12s. Vol. I. Part II. 2nd Edit. 10s. 6d. 

Yol. n. Part I. 2nd Edit. 16s. Vol. TL. Part IL 2nd Bdit. 16b. 
The Greek Testament By the late H. Alford, D.D. YoL I. 6th 

Bdit. IL 8s. Vol. n. 9th Bdit. II. is. Yol. m. 5th Bdit. 18s. Yol. lY. 

Part I. 4th Edit. 18s. YoL lY. Part H. 4th Bdit. 148. Yol. lY. 11. 12s. 
Oompanion to the Qreek Testament By A. C. Barrett, M.A. 

8rd Edition. Fcap. Sto. 5s. 
liber Apologeticus. The Apology of Tertnllian, with English 

Notes, by H. A Woodham, LL.D. 2nd Edition. Svo. 8s. 6d. 
The Book of Psalms. A New Translation, with Introdnctions, <fec. 

By the Yery Bey. J. J. Stewart Perowne, D.D. 8to. YoL 1. 4th Bdition, 

IBs. YoL II. 4th Edit. 16s. 

Abridged for Schools. 8rd Edition. Grown 8yo. lOt. 6d. 

History of the Artioles of Religion. By C. H. Hardwick. Srd 

Edition. Port 8to. 5s. 
History of the Creeds. By J. B. Lmnby, D.D. 2nd Edition. 

Grown 8to. 7s. 6d. 
Pearson on the Creed. Carefully printed from an early edition. 

With Analysus and Index by E. Wfllf ord. M.A. PortSro. 5s. 
Dootrinal System of St John as SMdenoe of the Date of his 

Gospel. By Eev. J. J. Lias, M.A. Crown Syo. 6s. 
An Historioal and Explanatory Treatise on the Book of 
Common Prayer. By Bev. W. G. Humphry, B.D. 5th Edition, enlarged. 
Small port 8to. 4s. 6d. 

The New Table of Lessons Explained. By Bev. W. G. Humphry, 

B.D. Foap. ls.6d. 
A Commentary on the QospelB for the Sundays and other Holy 

Days of the Chrirtian Year. By Ber. W. Denton, A.M. New Edition. 

8 yoIb. 8to. 54s. Sold aeparately. 
Commentary on the Epistles for the Sundays and other Holy 

Days of the Christian Year. By Bey. W. Denton, A.M. 2 toIa. 36s. Sold 

leparately. 
Commentary on the Acts. By Bev. W. Denton, A.M. Yol. I, 

8vo. 18s. VoL n. 148. 
Notes on the Cateohism. By Bev. A. Barry, D.D. 5th Edit 

Fcap. 28. 
Cateohetioal Hints and Helps. By Bey. E. J. Boyoe, M.A. Srd 

Edition, rerifled. Foap. 28. 6d. 

Examination Papers on Religions Instrootioii. By Bey. E. J. 

Boyoe. Sewed. U. 6d. 
Chnroh Teaohing for the Churoh's Children. An Exposition 

of the Cateohism. By the Bev. F. W. Harper. Sq. foap. 28. 
The Winton Chnroh Cateohist Questions and Answers on the 
Teachioff of the Ohorch Cateohism. By the late Bev. J. S. B. Monsell, 
LL.D. 3rd Edition. Cloth, Ss.; or in Four Parts, sewed. 

The Chnroh Teaoher's Manual of Christian Instmotion. By 

Bev. M. F. Sadler. 21st Thousand. 2s. 6d. 

Short Explanation of the Epistles and Gk>spels of the Chris- 
tian Year, with Questions. Boyal 82mo. 2s. 6d.; oalf, 4s. 6d. 

Butler's Analogy of ReligioQ; with Introduction and Index hy 
Bey. Dr. Steere. New Edition. Poap. 8s. 6d. 

«— Three Sermons on Human Nature, and Dissertation on 
Yirtne. By W. Whewell, D.D. 4Xh Edition. Foap. 8to. 28. 6cL 
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Lecttires on the History of Moral Philosophy in England. By 

W. Whewell, D.D. Grown 8vo. 8s. 
Kent's Commentary on International Law. By J. T. Abdy, 

LL.D. New and Cheap Edition. Crown 8vo. lOs. 6d. 
A Manual of the Roman CItU Law. By G. Leapingwell, LL.D. 

8vo. 12s. 



FOREIGN CLASSICS. 

A series for tue in Schools, with English Notes, grammatical and 

explanatory t and renderings ofdiffi^mU idiomatic expressions, 

Fcap, 8t70. 

Sohiller's Wallensteln. By Dr. A. Buohheim. New Edit. 6«.6(f. 
Or the Lager and Piccolominl, 3s. 6d. Wallenstein's Tod, Ss. 6d. 

Maid of Orleans. By Dr. W. Wagner. 3«. 6d. 

Maria Stuart By V. Kastner. 8«. 

Goethe's Hermann and Dorothea. By E. BeU, M.A., and 

B.Wdlfel. 28. 6d. 
Gterman BaUads, from Uhland, Goethe, and Schiller. By C. L. 

Bielefeld. Ss. 6d. 
Gharles Xn., par Voltaire. By L. Direy. 3rd Edition. d«. 6(2. 
Aventures de T616maque, par F6n61(»i. By 0. J. DeMe. 2nd 

Edition. 48. 6d. 
Select Fables of La Fontaine. By P. E. A. Gaso. New Edition. 3#. 
Piooiola, by X. B. Saintine. By Dr. Dubuc. 4th Edition. 35. M. 



FRENCH CLASS-BOOKS. 

Twenty Lessons In French. With Vocabulary, giving the Pro- 

nnnoiation. By W. Brebner. Post 8vo. 48. 
French Grammar for Public Schools. By Bev. A. C. Clapin, M.A. 

Fcap.8yo. 7th Edit. 28. 6d. 
French Primer. By Rev. A. C. Clapin, M.A. Fcap. 8vo. 3rd Edit. 

Is. 

Primer of French Philology. By Rev. A. C. Clapin. Fcap. 8vo. 1«, 

Le Nouveau Tr6sor; or, French Student's Companion. By 
M. E. S. 16th Edition. Foap. 8yo. Ss. 6d. 

F. E. A. GASC'S FRENCH COURSE. 
First French Book. Fcap 8vo. 76th Thousand. 1«. 6<I. 
Second French Book. 37th Thousand. Fcap. 8vo. 2s, 6(2. 
Key to First and Second French Books. Fcap. 8yo. 3«. 6d. 
French Fables for Beginners, in Prose, with Index. 14th Thousand. 

12mo. 28. 
Select Fables of La Fontaine. New Edition. Fcap. 8vo. 3«. 
Eistoires Amusantes et Instraotives. With Notes. 13th Thou. 

sand. Ftep. Syo. 28. 6d. 
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Fraotloal Guide to Modem French Ck>n?6niatioiL 12th Thou- 
sand. Foap. 8ro. 2f. 6d. 
French Poetry for the Young. With Notes. 4th Edition. Fcap. 

8yo. 2s. 

KftterialB for French Prose Composition; or, Selections from 
the best Bngliah Prose Writera. 15t1i Thonaand. Tcap. 8to. 48. 6d. 
Key, 88. 

Prosateurs Contempondns. With Notes. 8yo. 6th Edition, 

reyirnd. 58. 
IjC Petit Oompagnon; a French Talk-Book for Little Children. 

lOth Thousand. 16mo. 2*. 6d. 

An Improved Modem Pocket Dictionary of the French and 
English Langoages. 90th Thousand, with Additions. 16mo. Oloth. 48. 
Also in 2 vols., in neat leatheratte, 58. 

Modem French-Snglish and English-French Dictionary. 2nd 
Bdition, rerised. In 1 toL 128. 6d. (fotmerly 2 vols. 258.) 

GOMBEBT'S FBENCH DBAMA. 

Being a Selection of the best Tragedies and Comedies of Molidre, 
Baoine, OorneQle, and Voltaire. With Anraments and Notes by A. 
Oombert. New Edition, revised by F. B. A. Gase. Fcap. Sro. Is. each; 

«»'^'^- Oovram, 

HouEBB :— Le Misanthrope. L'Ayare. Le Bonigeoi« Gentilhomme. Le 
Tartoffe. Le Malade Imaginaire. Les Femmee Savantefl. Lea Fonrfoeriee 
de Soapin. Les PrMenses Bidicalee. L'Boole des Femmes. L'Eoole des 
Ifaris. LeMMednmalgr^Lnl 

Bacibb :— PhMre. Esther. Athalie. Iphig^nie. Les naideara. La 
ThA)^de; or, LesFrftresBnnemis. Andromaqne. BritaonioUB. 

P. OOBBBILLB:— LeCid. Horace. Oinna. Polyenote. 

ToLTAiBB :— Zaire. 

GERMAN CLASS-BOOKS. 

Materials for Oerman Prose Composition. By Dr Buohheim. 

7th Edition Fcap. 48. 6d. Key, 88. 
A German Orammar for Public Schools. By the Bev. A. C. 

COapinaodF. HollMOller. 2nd Edition. Foap. 28. 6d. 
Eotzebue's Der Oef^uigene. With Notes by Dr. W. Stromberg. U. 



ENGLISH CLASS-BOOKS. 

The Elements of the English Language. By E. Adams, Fh.D. 

17th Edition. PostSvo. 48. 6d. 
The Budiments of English Ghrammar and Analysis. By 
E. Adams, Ph.D. New Edition. Foap. 8yo. 28. 

By C. P. Majion, Fellow of Univ. Coll. London. 

First Notions of Orammar for Young Learners. Fcap. 8vo. 

8th Thousand. Cloth. 8d. 
First Steps in English Grammar for Junior Classes. Demy 

18mo. NewEdition« Is. 
Outlines of English Grammar for the use of Junior Classes. 

7th Edition. Crown Svo. 28. 
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EngllBh Grammar, inolading the Prmolples of Gxammatioal 
AnaljrBiff. 24thBdition. Grown Svo. Ss. 6d. 

A Shorter English Grammar, with oopiooB Ezeroises. 8th Thou- 
Band. Oroirn 8to. 8s. 6d. 

English Grammar Fraotioe, being the Exercises separately. U, 

Edited for MiddU-CUuM Examinations, 

With Notes on the Analysda and Parsing, and Bxplanatory Bemarks. 

MUton's Paradise Lost, Book I. With Life. 8rdEdit. PostSvo. 

28 

Book n. Tl^thLife. 2nd Edit. Post 8yo. 2«. 

Bookm. With Life. PostSvo. 2$, 

Goldsmith's Deserted Village. With Life. PostSvo. U.M. 
Ck>wper's Task, Book n. With Life. PostSvo. 2«. 
Thomson's Spring. Wih Life. Post 8vo. 2f . 
WhDiter. With Life. Post 8to. 2«. 



FraoUoal Hints on Teaching. By Bey. J. Menet, M.A. 5th Edit, 
drown 8vo. doth, 2s. 6d. ; paper, 2s. 

Test Lessons in Dictation. Paper oo¥er. If. Qd, 

Questions for Examinations in English Literature. By Bev. 
W.W. Skeat. 28. 6cL 

Drawing Ck>pie8. By P. H. Delamotte. Oblong Sto. 12«. Sold 

also in parts at Is. sadL 
Poetry for the School-room. Kew Edition. Foap. Sva Is, M, 

Select Parables fh>m Nature, iot Use in Schools. By Mrs. A. 
Oatty. Ecap. Syo. Oloth. Is. 

School Becord for Toang Ladies* Schools. 6(2. 

Geographical Text-Book ; a Practical Geography. By M. E. S. 

12mo. 2s. 

The Blank Maps done np separately, 4to. 28. oolonred. 

A Fhrst Book of (Geography. By Bev. 0. A. Johns, BA., F.L.S. 
ko, Blnstrated. 12mo. 2s. 6d. 

Loudon's (Mrs.) Entertaining Naturalist. New Edition. Bevised 

by W. S. Dallas, F.L.S. 58. 
Handbook of Botany. New Edition, greatly enlarged by 

D. Wooster. Foap. 2s. 6d. 

The Botanist's Pocket-Book. "V^th a copious Index. By W. B. 
Hayward. 2nd Bdit. rerised. drown 8to. Cloth limp. 4s. 6d. 

Experimental Chemistry, founded on the Work of Dr. Stdckhardt. 
By 0. W. Heaton. Post Svo. Ss. 

Double Entry Elucidated. By B. W. Foster. 12th Edit. 4ta 

A New Manual of Book-keeping. By P. Grellin, Accountant 
drown 8to. 8s. 6d. 
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Flotnre Sohool-Books. In Simple Langoage, with .nmneroos 
ninstrations. Boyal IQmo. 

Bohool Primer. 6d.— 80I100I Beader. By J. Tflleard. 1&— Poetry Book 
for Schools. U.— The Life of Joseph. Is.— The Borqitiire Parables. By the 
Ber. J. B. Olarke. Is.— The Boriptnre Mirades. By the Ber. J. B. Clarke. 
Is.— The New Testament History. By the Ber. J. G. Wood, M.A. Is.— The 
Old Testament History. By the Bev. J. G. Wood, M.A. Is.— The Btoiy of 
Bimyan's Pilgrim's Proness. Is.— The Life of Christopher Colnmbiis. By 
Sarah Orompton. Is.— The Life of Martin Luther. By Sarah Crompton. Is. 



BOOKS FOR YOUNQ READERS. 

In 8 vols. Limp doth, BcL eaeh. 

The Oat and the Hen; Sam and his Dog Bed-leg; Bob and Tom Lee ; A 

Wreck ^The New-bom Lamb ; Bosewood Box ; Poor Fan ; Wise Dog The 

Three Monkeys Story of a Oat, told by Herself The Blind Boy ; The Mute 

Girl ; A New Tale of Babes in a Wood ^The Deyand the Knight j The New 

Bank-note ; The Royal Visit ; A King's Walk on a Winter's Day Queen Bee 

and Busy Bee Gall's Ora«, a Story of the Sea. 



BELL'S READING-BOOKS. 

FOB SCHOOLS AND PAROCHIAL LIBRARIES. 

The popnlarity which the 'Books for Yoang Beaders' have attained is 
a snflBcient proof that teachers and pupils alike approve of the nse of inter- 
esting stories, with a simple plot in plaoe of the dry combination of letters and 
syllables, making no impression on the mind, of wlooh elementary reading- 
books generally consist. 

The Publishers have therefore thonglit it advisable to extend the applieatioii 
of this principle to books adapted for more advanced readers. 

Now Ready, Pott 8vo. Strongly hound. 
Mutennan Beady. By Captain Marxyat, B.N. It, 6<1 
The Settlers in Canada. By Captain Manyat. B.N. Is. 6i. 
Parables from Nature. (Selected.) By Mrs. Gkbtty. Is. 
Friends in Fur and Feathers. By Q^ynfiyn. Is. 
Robinson Crusoe. Is. 6<2. 

Andersen's Danish Tales. (Selected.) By E. Bell, M.A. Is. 
Southey's Life of Nelson. (Abridged.) Is. 
Grimm's German Tales. (Selected.) By E. BeU, BIA. 1», 
Life of the Duke of Wellington, with Maps and Plans. Is. 
Marie ; or, Glimpses of Life in France. By A B. Ellis. Is. 
Poetry for Boys. By D. Monro. Is. 

Others in Preparation, 
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